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A differential drive robot is perhaps the simplest type of

mobile robot, and the bounded velocity model is perhaps
the simplest useful model of the admissible controls. This
paper develops the bounded velocity model for diff drive
mobile robots, and derives the time-optimal trajectories.
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1 Introduction Figure 1: Notation

A differential driverobot has two independently driven o L _
coaxial wheels. It is the configuration used by most hicles rather than diff drives, originating with papers by

wheelchairs, and due to its simplicity is commonly used Dubins [2] and Reeds and Shepp [4]. For diff drives, pre-

by mobile robots. Bybounded velocitywe mean that ~ Vious work has assumed bounded acceleration rather than
the wheel angular velocities are bounded, but otherwise b?“”ded velocity. See, for example, papers by Reister and
we allow essentially arbitrary motions of the robot. There Pin[5]and Renaud and Fourquet[6]. Fortunately, the tech-
are no bounds on wheel angular acceleration. In fact, we Niques developed for velocity models of steered cars may
do not even require that angular acceleration be defined—readily applied to differential drives. The present paper

discontinuities in wheel angular velocity are admissible. ~ follows the techniques developed in the papers by Suss-

This paper addresses the question: what are the fastesgan and Tang [9], by S@ues and Boissonnat [7], and by

trajectories for a bounded velocity diff drive robot, in a pla- owres and Laumond [8].

nar environment free of obstacles? We prove that between

given start and goal configurations, the fastest trajectories . Lo .

are composed of at most five segments, where each seg2 ~Assumptions, definitions, notation
ment is either a straight line or a rotation about the robot’s

center. We present an algorithm for computing all optimal The state of the robot i = (z,y,6), where the robot
trajectories, and show a few plots illustrating the perfor- reference pointz, y) is centered between the wheels, and
mance limits of bounded velocity diff drive robots. the robot directior is 0 when the robot is facing parallel to
thez-axis, and increases in the counterclockwise direction
(Figure 1). The robot’s velocity in the forward direction
is v and its angular velocity is. The robot's width i2b.
The wheel angular velocities atg andw,.. With suitable
choices of units we obtain

1.1 Previous Work

Much of the work reported in this paper is a straightfor-
ward application of methods developed in the nonholo-

nomic control and motion planning literature. We have 1
found the surveys by Laumond [3] and Wen [10] to be vo= Gt (1)
very helpful. Most of the work on time-optimal control 1

with bounded velocity models has focused on steered ve- w o= gl —w) (2)
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The robot is a system with control inpub(t)
(wi(t),wr(t)) and outputg(t). Admissible controls are
bounded Lebesgue measurable functions from time inter-
val [0, T] to the closed bo¥V = [-1,1] x [-1,1]

The admissible control regiomV provides a conve-
nient comparison with previously studied bounded velocity
models. If we plotiV in v-w space, we obtain a diamond

shape. Steered vehicles are typically modeled as having a

bound on the steering ratio : v, and on the velocity
(Figure 2).

We also need notation for trajectory types. We will use
the symbolsf, |, », and~, to denote forwards, back-
wards, left turns, and right turns. A trajectory of sev-
eral segments is indicated by a string. Thus, for example,
T~ means a motion of four segments: forward, right
turn, backward, left turn.

3 Time cost of saturated trajectories

We define asaturatedtrajectory to be one for which the
inputw(t) is at the boundary of the bd¥” over the entire
trajectory. That is, at almost all times either or w; is at
the limit. We define rectified arc length i?

st = [ ol

®)

and inS?!

)= [ 1o

For a saturated trajectory, it is easily shown that

(6)

[v] + bjw| =1 )

almost everywhere. Integrating this equation yields

(8)

Thus the time for a saturated trajectory is just the sum of
the arc length inE? and the arc length i8! scaled by the
robot radiush. This suggests that to minimize the time we
ought to turn in place or make straight lines. This obser-
vation is borne out by Pontryagin’s Maximum Principle,
which is discussed in the next section.

s+bo=T

4 Controllability. Existence of opti-
mal controls. Extremals.

This section summarizes results presented in [1]. The fol-
lowing key properties of the bounded velocity diff drive are
presented:

e The bounded velocity diff drive robot is globally con-
trollable, i.e. admissible trajectories exist for every
pair of start and goal configurations.

e Time optimal controls exist. That is, given any pair
of start and goal configurations, the set of admissible
controls from the start to the goal will include at least

one that minimizes the time.

e Pontryagin’s Maximum Principle yields necessary
conditions for time optimal controls. The trajectories
satisfying these conditions are thus a superset of the
time optimal trajectories, and are called #dremal

trajectories.

¢ Using additional necessary conditions and identifying
symmetries in the optimal trajectories, an enumera-

tion of extremal is obtained.

The extremal trajectories can be expressed as a geometric
program, using a construction called thdine. It is a di-
rected line in the plane, which divides the plane into a left
half plane and a right half plane. Pontryagin’s Maximum
Principle implies that for any optimal trajectory there is an
n-line such that the trajectory can be achieved by a control
of the form:

1
-1
1

if right wheel € right half plane
if right wheel is on the line  (9)
if right wheel e left half plane

wi ) 1}
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%\ The final result of [1] is to reduce the complexity of
/( y )\/ i enumerating and analyzing these classes by employing
\) /]-1ne symmetries developed by Senes and Boissonnat [7] and

% \-/—/_% Soweres and Laumond [8]. The result is that all optimal
/\( L/ )/ trajectories fall into one of nine symmetry classes.

Z4 N7 The symmetry classes are expressed in terms of three
= e t_ransformatlons between symmetric robo'; start configura-
/ . tions, Ty, T», andT3, and three corresponding transforma-
n-line . .
D <<])> tions between symmetric path structures.
= \= -
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Figure 3: Two extremals_zigzag rightand tangent CW 7 Swap~ and~ | Ty ( x > — Rot(6) ( x >
Other extremal types areigzag left tangent CCW and Y -y
turning in place:CWandCCW. Straight lines are special z
—0
=1 if left wheel € left half plane The transformations are then applied to present an enu-
wr{ €]=1,1] ifthe left wheel is on the lin¢10) meration of trajectories classified by symmetry class:
=-1 if left wheel € right half plane
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The behavior of the robot falls into one of the following
cases (see Figure 3):

e CCWVaNdCWIf the robot is well in the left half plane,

= x| o|m/m oo w| >

it turns in the counter-clockwise directioBC\W) CVis o IS A Ay
similar. A s A A
d i~ ~ A
e TCCWANDTCWITf the robot is in the left half plane, | 0 I 1
but close enough that a circumscribed circle is tangent ~ ~ ~ ~

to then-line, then the robot may either roll straight
along the line, or it may turn through any positive Ts T50Th Ts0Ty | T30Th0T)
multiple of 7. TCWIs similar. At | Il | el | datnl
A | AMd | I $frr
AaAll LN LN ARl
frad | dnvalt | et | gl

e ZR and ZL: If the circumscribed circle crosses the
n-line, then a zigzag behavior occurs. The robot
rolls straight in they-line’s direction until one wheel

= =/ o|m|m o 0| w| >

crosses. It then turns until the other wheel crosses, AlaA At AlaA AN
and then goes straight again. There are two non- A Adlia AL iy
degenerate patterns... |}~ ... called zigzag Lo [l AL Al
right ZR, and. .. 1~ ... calledzigzag leftZL. 4 l Y T
N N N N

Since each extremal falls in one of the above classes, it
follows that each time optimal trajectory does as well. 5 Time optimal trajectories.

We note above that not all extremals are optimal. For ex-
ample, a robot turning in place for several revolutions is not The previous section summarized the results of [1]. In this
time optimal. Further, a zigzag of several segments is not section we complete the analysis of extremal trajectories to
optimal. In fact, it can be shown that optimal trajectories identify the time optimal trajectories.
of classTCWor TCCWhave at most three segments, and  |n principle, the analysis is completed by the following
that optimal trajectories of clasgR andZL have at most  steps:
5 segments. These restrictions give us a finite enumeration
that includes all optimal trajectories. 1. We choose the origin coincident with the goal posi-
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Figure 4: Optimal control for start configuratian =
(z,y,T) and goal configuration, (0,0,0). Coordi-
nates are normalized by division by

tion, and assume a goal heading of zero.

2. For each trajectory type, we identify every feasible
choice of start configuratiofx, y, ). This defines a
map from trajectory type to a region of configuration
space.

. Now we consider a point in configuration space
(z,y,6). If itis in only one region, then the corre-
sponding trajectory type is optimal from that point.

. When regions overlap, we calculate the actual times
for each trajectory type to disambiguate.

Naturally, the process is eased by employing the symme-
tries. The result is a mapping that defines for each point in
configuration space the set of optimal trajectories from that
point to the origin. This mapping is illustrated by showing
two slices ath = /4 (Figure 4) and a# = 0 (Figure 5).
The mapping from start configuration to optimal trajectory
is usually, but not always, unique. At some boundaries in
the figures there are two distinct trajectories that give the
same time cost. More interesting is the caseat0 where
a continuum of different trajectories of type A are all opti-
mal, bounded by optimal trajectories of type B.

(x,y,0) and goal configuration, = (0,0, 0).

6 Algorithm for optimal control and
value function. Balls.

We now present an algorithm to determine the optimal
paths between a given start and goal position, and the time
cost of those paths. For each type of optimal path, the
necessary conditions yield a region as shown in Figures 4
and 5. The algorithm uses the start configurationy, 6)

to identify the correct region(s) and then calculates the
value function for one of the optimal path structures. The
algorithm employs the three symmetriEs 15, andT; de-
fined earlier to reduce the number of cases.

First we define functions to calculate the cost of the
fastest trajectory for the base trajectory of each symmetry
class. For example, the function ValueBaseTSTS below
calculates the cost of the fastest trajectory with a structure
of A

Procedure ValueBaseTSTS(q =
arccos(1 —y) — 4 —z 4+ \/y(2 —y)
End ValueBaseTSTS

(z,9,0))

Procedure ValueBaseSTS(q =
If y=0 then |z|+

else e 540

End ValueBaseSTS

(z,y,0))

Procedure ValueBaseTST( (r,¢,0))
r+min (|¢[ + ¢ — 0], 27 — (|¢] + |¢ — 0]))



End ValueBaseTST

We now can define OptBVDD. The function recursively
applies symmetry transforms until the configuration is in a
region for which one of the base trajectories for the sym-
metry classes is optimal. The optimal path structure can
then be determined based on the necessary conditions for
extremal paths to be optimal. The value for that path struc-
ture is calculated. The recursion applies the appropriate
combination ofry, 75, andrs transforms to the base path
structure to determine the actual optimal path structure.

Procedure OptBVDD(q = (z,y,6))
if 60¢(m2m) then 75(OptBVDD( T5(Q)))

Figure 6: Time cost fofz, ys) = (1,0)

r=lx y|
¢ = arctan(y, )
if ¢e (%=, m) then 7,(OptBVDD( T5(q))) start and goal robot is fixed gt. Other slices of the balll
if y<0 then 7(OptBVDD( T1(q))) may also be informative. For example, Figure 6 shows the
value function as a function of the start and goal headings,
if ¢<6 or r>tan(¢/2) where the goal position i€, 0) and the start position is
ValueBaseTST( », ¢, 0) (1,0). Each trajectory type is represented by some region
else if y<1-—-cos(d) of the figure.
ValueBaseSTS(q)
else
ValueBaseTSTS(q)

End OptBVDD 7 Summary and Conclusion.

For the sake of brevity, certain special cases which should The bounded velocity model of the diff drive vehicle does
be considered have been omitted from the pseudocode prenot take into account some important factors such as the
sented. Although the value function remains the same, momentum of the robot. For this reason, bounded accel-
there are cases where more than one path structure may beration models more accurately describe the behaviour of
optimal. Whenever two symmetric regions are adjacent, most real differential drive robots. However, the bounded
the fastest paths for both regions are optimal. For example,velocity model is simple enough that the set of time-
if the robot starts af0, 1, 7), then both the paths.|}~ and optimal trajectories between any two robot configurations
~ v are optimal. The other special case occurs when may be found. Pontryagin’s Maximum Principle suggests
6 = 0. In this case, there are a number of five-segment a set of extremal trajectories, and a combination of cal-
paths that are also optimal whenever a four-segment pathculus and geometry eliminate suboptimal trajectories from
is optimal. In the complete algorithm, these cases need tothis set. Once the optimal trajectories have been found, we
be treated specially and return multiple path structures.  can calculate a value function between any start and goal

The value function which the algorithm expresses pro- configuration.
vides a nonholonomic metric in the configuration space The time optimal trajectories for the bounded velocity
[3]. The level sets of the value function show the reach- diff drive robot are surprisingly simple, and are composed
able configurations of the robot for some given amount of only of turns in place and straight lines. The structure
time. Figure 7 shows the shape of this region using nor- of these trajectories may justify the simple technique of
malizedz andy and normalized time 2. (Space and time programming diff drive robots to move only in turns and
are normalized by dividing by the robot raditi Slices straight lines. The value function is useful because it pro-
of this value function allow the regions in which various vides an easily calculated lower bound on the time cost
extremal paths are optimal to be seen more clearly. For ex-between two configurations of a real diff drive robot with
ample, figure 4 shows a slice where the angle between thebounds on the velocity of its wheels.
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