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Abstract
Vibratory manipulationis any mode of manipulation in-
volving repeated impacts due to a striker which follows
some periodic motion. In this paper, we study vibratory
manipulation in the context of tapping planar objects which
slide on a fixed support surface. We are interested in the
behaviors an object exhibits under such excitation. There
are two distinct types of tapping that can result:continu-
ous tapping, in which the object is always in motion, and
intermittent tapping, in which the object comes to rest be-
tween taps. We first examine vibratory manipulation in one
dimension, adapting results from related work to find con-
ditions for stable periodic motion. The general two dimen-
sional case is closely related to our previous work in im-
pulsive manipulation which examined the mechanics of a
sliding rotating object. In fact, vibratory manipulation is
an approximation to the limiting cases of impulsive manip-
ulation. We develop the limiting cases for intermittent and
continuous tapping for rotationally symmetric objects and
conclude with some examples.

1 Introduction
Our previous work has focused on impulsive manipulation,
i.e. manipulating objects through impulsive forces. In this
paper, we explore a closely related topic:vibratory manip-
ulation. Vibratory manipulation broadly refers to any ma-
nipulation process involving repeated impacts, generally at
a high frequency, due to a striker which follows some reg-
ular or servoed periodic motion. In this paper, we consider
vibratory manipulation in the context of manipulating pla-
nar parts that slide on a fixed support surface in between
taps. Our interest is in stable periodic behaviors of an ob-
ject that result from such excitation. There are many differ-
ent scenarios for this sort vibratory manipulation that we
can consider; these include:

� Open-loop control of a pusher with superimposed vi-
bration. A pusher with a vibrating tip follows a pre-
determined trajectory while a striker tip executes some
periodic motion. The actual object excitation is a high
frequency, low amplitude sequence of collisions be-
tween the striker and the object.

� Feedback control of a pusher with superimposed vi-
bration. Same as above except that the gross motion

of the pusher is determined by some feedback control
law.

� Feedback control of impulses. The object is sensed
before every impact, and a control law determines an
appropriate impulse to drive the object towards some
goal configuration.

� Open-loop parts transfer. A sequence of impacts is
planned to move an object from start to goal, assum-
ing ideal behavior of the slider and perfect knowledge
of all relevant mechanical parameters. The shape of
the striker and the details of the striking motion can
be designed so that small errors give rise to restoring
impulses.

There are a number of possible applications for such ma-
nipulation relating to micropositioning and to parts feed-
ing.

We find that there are two types of tapping that result
under vibratory manipulation:intermittent tapping, where
the object comes to rest in between taps, andcontinuous
tapping, where the object is always tapped again before it
comes to rest. Vibratory manipulation in one dimension
that results in continous tapping is closely related to bounc-
ing a ball and to robotic juggling. We review and adapt re-
sults from work in these areas to determine the conditions
for which the object displays stable periodic motion.

Vibratory manipulation in two dimensions makes use of
the same mechanics (of a sliding rotating planar object)
as our previous work in impulsive manipulation. In fact,
vibratory manipulation (which concerns object behavior
from repeated impacts) approximates the limiting cases of
impulsive manipulation (which concerns the mechanics of
a single impact). In our efforts to formulate an understand-
ing of the general case of vibratory manipulation, we have
developed the limiting cases of impulsive manipulation for
both intermittent and continuous tapping. We present de-
tailed analysis of the mechanics of these limiting cases for
rotationally symmetric objects. Finally, we apply the re-
sults of this analysis to determine the range of possible mo-
tions under these limiting cases for two different objects.

2 Related Work
Vibratory manipulation in which the support surface vi-
brates (and the object becomes airborne) is currently used



in bowl feeders (see Boothroydet al. [4] for descriptions
and Boothroyd [3], Caine [6], and Christiansenet al. [7]
for recent work on analysis and automated design for bowl
feeders) and in the SONY APOS system (Hitakawa [10]).
Böhringeret al. [2] oriented planar parts by taking advan-
tage of the vibrational modes of the support surface.

The vibratory manipulation which we describe in this pa-
per (involving a sliding phase of the object in between taps)
is closely related to the problem of bouncing a ball on a vi-
brating table and to robotic juggling. The bouncing ball
problem has been analyzed by Holmes [11] and Bapatet
al. [1]; Tufillaro and Albano [16] and Wiesenfeld and Tu-
fillaro [17] have performed experiments with this system.

Schaal and Atkeson [15] have studied almost the exact
same system in the context of robotic juggling. B¨uhler and
Koditschek [5] demonstrated a system that juggles a puck
on an inclined plane using a bat.

In the area of impulsive manipulation, Higuchi [9]
demonstrated linear micropositioning using an electromag-
netic coil to deliver an impulsive force. More recently, Ya-
magata and Higuchi [18] have developed a piezoelectric
device to deliver impulsive forces to do micropositioning
for precision optical components.

Mirtich and Canny [14] introduced the idea of impulse-
based dynamic simulation, in which all contact between
objects is modeled as a series of microcollisions.

The limiting cases of impulsive manipulation developed
in this paper build upon the results of Huanget al. [12]
which presented an analytical formulation and solution of
the mechanics of tapping a rotationally symmetric object.
These limiting cases examine the mechanics as the impulse
delivered by a tap approaches zero. Many of the results of
this paper are covered in greater detail in Huang and Ma-
son [13]. The present work also makes use of the eigendi-
rections of Goyalet al.[8] in their analysis of the dynamics
of sliding objects.

3 Vibratory Manipulation in 1D
We consider in one dimension the problem of determining
the object behavior when we deliver a sequence of impacts.
We note that if the object is kept in continuous motion (con-
tinuous tapping) then it is subject to a constant (Coulomb)
frictional force. Suppose the striker moves with some peri-
odic vibration superimposed on a constant velocity. When
viewed in a frame moving at that constant velocity (see Fig-
ure 1), this system is equivalent to a ball bouncing on a vi-
brating table — between impacts, the object is subject to a
constant acceleration produced by friction whereas the ball
is subject to acceleration produced by gravity. This system
has been studied in the context of chaotic systems and in
the context of robotic juggling.

We can apply the results of these analyses to vibratory
manipulation in order to relate parameters of the striker’s

Figure 1: An illustration of regular periodicbouncing. The ta-
ble moves with a sinusoidal vibration, and the object follows a
parabolic trajectory while in flight. This same illustration applies
to continuously tapping an object using a striker with a sinusoidal
vibration superimposed on a constant velocity (when viewed in
the frame of that constant velocity).

motion to possible object behaviors. In this section, we
describe some of the main results.

3.1 The Bouncing Ball Problem
The problem of a ball bouncing on a sinusoidally vibrating
table has been studied in some detail by Holmes [11] and
Bapatet al. [1]. This system can exhibit bounded chaotic
behavior, though we are primarily interested in regular peri-
odic behaviors. One key result from Holmes is the relation
between striker frequency and amplitude for stable periodic
bouncing.

We assume the motion of the table isX(t) = A sin!t.
Holmes formed the return map which maps the velocity
of the ball (just before an impact) and the phase of the
impact (relative to the table oscillation) from one impact
to the next and showed that this return map has a num-
ber of fixed points which correspond to different modes of
periodic bouncing. Stability analysis of these fixed points
showed that in order to maintain stable periodic juggling,
the amplitude of the table vibration must satisfy:

n��g

!2
(1� e)

(1 + e)
< A <

�g

!2

s
n2�2

(1� e)2

(1 + e)2
+ 1 (1)

where the object motion has period one and strikes the ta-
ble everyn table cycles;e is the coefficient of restitution
between the object and the striker, and� the coefficient of
friction between the object and the surface. This relation-
ship is shown graphically in Figure 2.

3.2 Robotic Juggling
Schaal and Atkeson [15] have implemented paddle jug-
ging using a “trampoline-like” racket and a ping-pong ball.
They observed that negative acceleration of the paddle tra-
jectory at impact seems to provide stability. They cal-
culated the basin of attraction for periodic juggling to be
0.257 the area of the viable space of initial conditions.
However, for a number of reasons (including mechanical
variability and air resistance) the basin of attraction was
significantly larger. In fact, they were unable to avoid get-
ting a periodic (mostly period one) juggling pattern.

Bühler and Koditschek [5] demonstrated a system that
juggles a puck on an inclined plane using a bat. In order to
achieve stable juggling, they developed a “mirror” control
law which servos the bat to nonlinearly reflect the position
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Figure 2: The relationship between the frequency and amplitude
for a sinusoidally vibrating striker in order to achieve period one,
n = 1 “bouncing” for vibratory manipulation. Here we have as-
sumede = 0:8 and� = 0:25. Increasing the amplitude beyond
the range shown here will result in period doubling and will even-
tually lead to chaotic behavior. Using an amplitude below this
range will likely result in the object coming to rest against the
striker and being pushed along.

of the puck. Using this sort of simple control law for vibra-
tory manipulation is appealing but sensing the object would
be difficult for high frequency, low amplitude motions.

4 The Limiting Cases
of Impulsive Manipulation

Vibratory manipulation in two dimensions is much more
complicated than in one dimension. There is strong cou-
pling between translational and rotational velocities, and
the frictional load on the object is generally a function of
the object velocities and the object orientation. It will re-
quire greater understanding of the dynamics of a sliding
object in order to understand two dimensional vibratory
manipulation in general. We have started by formulating
the limiting cases of impulsive manipulation for rotation-
ally symmetric objects.

Suppose we manipulate an object by delivering a series
of identical taps at some frequency. We take the limiting
case to be the limiting behavior of the object as we let the
number of taps approach infinity and the impulse of each
tap approach zero. Here, we will focus on regular period
one motions, i.e. the object will repeatedly follow the same
path in state space after each impact. Therefore, we can
focus on the resultant object motion from a single tap as
the impulse delivered by that tap approaches zero.

In this section, we develop the limiting cases for inter-
mittent tapping and continuous tapping. First, however, we
cover a few preliminaries for sliding rotationallysymmetric
objects in two dimensions.

4.1 Preliminaries for 2D
4.1.1 The Physics of a Sliding Rotating Object
Rotationally symmetric objects are, for our purposes, ob-
jects whose pressure distribution is a function of radius

only. These objects have the special property that they slide
in a straight line. (Thus we need only consider a two di-
mensional state space.) As discussed in Huanget al. [12],
the net force and torque on a rotationally symmetric object
are functions of only the ratio!

v
. The equations of motion

are:

�F (
!

v
) = m _v (2)

�T (
!

v
) = I _! (3)

whereF andT are the force and torque loads on the object.
The initial velocities arev0 and!0.

During the motion, the object will translate a distancexf
and rotate an angle�f

xf =

Z tf

0

v dt (4)

�f =

Z tf

0

! dt (5)

wheretf is the time that the object slides.

4.1.2 Trajectory Scaling
Through straightforward use of the chain rule, we can show
that if v(t) and!(t) are solutions to the equations of mo-
tion, then so arekv( t

k
) andk!( t

k
). If the first pair of trajec-

tories cover a distancexf and an angle�f , then the second
cover a distancek2xf and an anglek2�f .

4.1.3 Centers of Rotation (CORs)
We can describe any single planar motion of a rigid object
by a center of rotation (COR). The COR is the point about
which the net movement of the object appears to be a pure
rotation. Pure translation corresponds to aCOR at infin-
ity. Given the displacement~x and rotation�, the COR is
located atẑ�~x

�
. We can also useCORs to describe the in-

stantaneous motion of an object; given the linear velocity~v
and rotational velocity!, theCOR is located atẑ�~v

!
.

We can characterize a mode of manipulation by the locus
of CORs which it can effect upon an object. This enables
us to compare different modes of manipulation, and it also
suffices as the information required in order to create plans
for that mode of manipulation.

In this paper, we construct the locus ofCORs with respect
to the initial translational velocity of the object and assume
that rotations are positive. Negative rotations result in a
different locus ofCORs which is simply the mirror image
with respect to the initial velocity.

4.2 The Limiting Case for
Intermittent Tapping

For intermittent tapping, we deliver a sequence of identi-
cal impacts, letting the object come to rest before the next
impact. Here, the object repeatedly follows a path in state
space starting at the initial velocities and ending at the ori-
gin (zero velocities). We take the limiting case to be the
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Figure 3: Construction for finding the netCORfor a tap where the
object moves a distancexf and turns an angle�f .

resultant behavior as the impulse approaches zero but the
ratio of the initial velocities remains the same.

We first determine the netCOR for a motion in the limit
and then find the locus ofCORs possible for this limiting
case.

4.2.1 Net COR in the Limit
Given the distance traveled and the angle turned, we can
determine the netCORfor the motion with a geometric con-
struction as illustrated in Figure 3. The location of the net
COR is:

~xf
2

+
ẑ � ~xf

2 tan
�f
2

(6)

Since we let the impulse of a tap approach zero by scaling
the initial velocities, we can apply the trajectory scaling of
Section 4.1.2 (scaling the velocities byk). In the limit, the
COR is then

lim
k!0

k2 ~xf
2

+
ẑ � k2 ~xf

2 tan
k2�f
2

= lim
k!0

ẑ � k2 ~xf

2 tan
k2�f
2

(7)

Applying l’Hôpital’s rule (differentiating both numerator
and denominator with respect tok), we get

lim
k!0

ẑ � ~xf

�f sec2
k2�f
2

=
ẑ � ~xf
�f

(8)

Thus, as the impulse delivered by a tap approaches zero,
the distance from the center of mass (COM) to the netCOR

approachesxf
�f

.

4.2.2 Locus of CORs
In order to characterize this limiting case, we construct the
locus ofCORs. This represents all possible motions of the
object for a given initial velocity direction.

The trajectory scaling of Section 4.1.2 shows that each
value of !0

v0
corresponds to a single value ofxf

�f
, no matter

what the magnitude of the initial velocities or the result-
ing displacements. In other wordsxf

�f
is a function of!0

v0
.

Huang and Mason [13] further showed thatxf
�f

is a contin-
uous monotonic decreasing function of!0

v0
. Therefore the

minimum and maximum values of!0
v0

that we can achieve
via an impact correspond to the maximum and minimum

values of xf
�f

for the resulting displacements. These val-

ues ofxf
�f

in turn determine the closest and furthestCORs
possible for this limiting case.

Huanget al. [12] formulated the impact cone which rep-
resents the set of velocities that can be achieved by striking
an object at rest. We can restate this cone in terms of the
ratios of initial velocities possible

!0
v0

�
�rRM

I
p

1 + �2r
(9)

The minimum value of!0
v0

is 0, corresponding to pure trans-
lational velocity (which results in a pure translation of the
object: xf

�f
= 1); the maximum value is given by the

equality condition of Equation 9.
Let cmin =

xf
�f

for the maximum value of!0
v0

that satis-
fies Equation 9. The locus ofCORs possible for the limiting
case of intermittent tapping is then

fcẑ � v̂0 j c 2 [cmin;1]g (10)

4.3 The Limiting Case of
Continuous Tapping in 2D

For continuous tapping, we deliver a sequence of regularly
spaced impacts, always striking the object before it comes
to rest. Here, the object follows a path in state space start-
ing at its initial velocities and continues until the object is
tapped again, “kicking” the state back to the original initial
velocities. We take the limiting case to be the resulting be-
havior of the object as the amount of time before the next
impact approaches zero.

We take an analogous approach (to that for the limiting
case of intermittent tapping) to determine the location of
the netCOR in the limit. We start with the same expression
(Equation 6) for the netCOR given the displacement and
rotation of the object:

~xf
2

+
ẑ � ~xf

2 tan
�f
2

(11)

As we decrease the time that the object slides (tf ), ~xf and
�f both approach zero:

lim
tf!0

~xf
2

+
ẑ � ~xf

2 tan �f
2

= lim
tf!0

ẑ � ~xf

2 tan �f
2

(12)

Assume for the moment that this limit exists. Applying
l’H ôpital’s rule (differentiating numerator and denominator
with respect totf ), we get

lim
tf!0

ẑ � d
dtf

~xf

sec2 �f
d
dtf

�f
= lim

tf!0

ẑ � d
dtf

R tf
0
~v dt

d
dtf

R tf
0
! dt

=

lim
tf!0

ẑ � ~v(tf )

!(tf )
=

ẑ � ~v0
!0

(13)

Thus, theCOR in the limit is simply the initial (instanta-
neous)COR.

The remainder of this subsection examines the condi-
tions under which this limit exists and then finds the locus
of CORs possible under this limiting case.
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Figure 4: Illustrations of the state space for a rotating sliding ro-
tationally symmetric object; the stable eigendirection is shown
as the dashed-dotted line. Figure (a) shows a typical vector field,
which is a function of only!

v
. Figure (b) illustrates the case where

the initial slope of the path in state space aligns with the negative
impact cone above the stable eigendirection. In this case, the tra-
jectory curves in to the cone. Figure(c) illustrates the case where
this alignment occurs below the eigendirection; in this case, the
trajectory curves away from the cone.

Disc Ring
!
v

COR !
v

COR

Intermittent LC 0.080 0.208
Continuous LC 16.395 0.061 8.951 0.112
Impact Cone 9.704 0.103 4.851 0.206
Eigendirection 30.798 0.032 20.000 0.050
Radius 0.050 0.050

Table 1: Motion constraints for a disc and a ring for both limiting
cases (LCs). The distance to theCOR given for the impact cone,
limiting cases, and pushing is the distance to the closestCOR. The
distance to theCORcorresponding to the stable eigendirection and
the radius of the object are given for comparison. Quasistatic
pushing has the same motion constraints as the limiting case of
continuous tapping. These results were numerically generated,
and assume that� = �r = 0:25.

4.3.1 Impact Constraint for Moving Objects
For the limiting case of intermittent tapping, we reformu-
lated the impact cone (the cone in state space that repre-
sents the velocities that can be achieved by tapping an ob-
ject at rest) in terms of the achievable ratios of!0

v0
. For a

given point in the impact cone, we can compute the striker
velocity and contact point required to achieve that change
in velocity. Not surprisingly, so long as we recreate the
same relative velocities between the striker and the object,
we can achieve the same change in velocity. This implies
that we can restate Equation 9 in terms of change in veloc-
ities

j�!j

�v
�

�rRM

I
p

1 + �2r
(14)

The result is that we can move the impact cone to any point
in state space.

We will primarily make use of thenegative impact cone,
which we define as the set of states from which we can
reach the current state with a single impact. Since the im-
pact cone is invariant to its position in state space, we form
the negative impact cone by simply reflecting the impact
cone through the current state.

4.3.2 Existence of the Limit & Locus of CORs
The limit taken in Equations 12 and 13 exists if and only if
the path of the object in state space passes through the neg-
ative impact cone (at the initial velocities) for a nonzero
period of time. In order to determine which initial condi-
tions satisfy this property, we must examine properties of
paths in state space. The eigendirections of Goyalet al. [8]
serve to guide our analysis.

There are a number of properties of paths in state space
for a sliding rotationally symmetric object. We state them
here in terms of the vector field( _v; _!) = (�F=M;�T=I)
over the state space.

� as!
v

increases, the orientation of( _v; _!) monotonically
increases from� to 3

2
�.

� ( _v; _!) points towards the origin only at values of!
v

corresponding to eigendirections; most objects have a
single stable eigendirection that is neither pure trans-
lation nor rotation.

� at all points below the stable eigendirection,( _v; _!)
points above the origin (and vice versa), drawing the
system towards the stable eigendirection.

These properties are illustrated in Figure 4a.
If we place the negative impact cone on the line corre-

sponding to!
v

= 0 (a COR at infinity), the path in state
space will lie entirely inside the cone. As we increase the
value of !

v
, the vector( _v; _!) will rotate counterclockwise.

The path of the object in state space will continue to pass
through the cone until this vector aligns with the bottom
edge of the cone. At that point, we have

F (!
v
)

T (!
v
)
=

Rq
1 + 1

�2r

(15)

Let 1=cmin be the value of!0
v0

which satisfies this equation.
If this alignment occurs above the stable eigendirection

then the path will curve into the cone (see Figure 4b), so
the set of possibleCORs is

fcẑ � v̂0 j c 2 [cmin;1]g (16)

If this alignment occurs below the stable eigendirection
then the path will curve away from the cone (see Figure 4c),
so the set of possibleCORs is

fcẑ � v̂0 j c 2 (cmin;1]g (17)

Interestingly, the set of possibleCORs for pushing an ob-
ject is identical to Equation 16. Pushing can achieve any
COR so long as!

v
corresponds to a force/torque load due

to an applied force in the friction cone (in “force space”) at
the contact point; the limiting case of continuous tapping
can achieve anyCORso long as!0

v0
results in a force/torque

within the negative impact cone, which is simply a transfor-
mation of the friction cone (in impulse space) at the contact
point. The mapping between force/torque due to friction
and the object velocities is the same for both modes of ma-
nipulation.
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Figure 5: Graphic illustration of the motion constraints on a disc
and a ring due to tapping. Points 2–4 are the closestCOR achiev-
able via the respective mode of manipulation. The full set of
CORs include all the points vertically above, going out to infin-
ity. Point 1 represents the stable eigendirection; the dotted lines
show the path the object would take if it continued to move about
thatCOR.

5 Examples for the Limiting Cases
Table 1 shows the results of analyzing the possible motions
of a uniform disc and a ring under the two limiting cases.
These results are graphically illustrated in Figure 5. Note
that the “alignment” for the limiting case of continuous tap-
ping occurs below the stable eigendirection (i.e. the value
of !

v
(slope in state space) for the limiting case is less than

that for the eigendirection).

6 Summary
In this paper, we developed the idea of vibratory manipu-
lation in the context of objects sliding on a planar surface.
We found two distinct modes of vibratory manipulation: in-
termittent tapping, where the object comes to rest between
impacts, and continuous tapping, where the object is al-
ways tapped again before it comes to rest.

We first examined one dimensional continuous tapping;
this mode of manipulation is closely related to bouncing a
ball on a vibrating table. We applied work on the bouncing
ball problem to determine the relationship between striker
frequency and amplitude in order to achieve regular pe-
riodic bouncing under continuous tapping. Research in
robotic juggling suggests that the basin of attraction for sta-
ble periodic bouncing is larger than theory indicates.

The two dimensional case of vibratory manipulation is
more complex. Vibratory manipulation (which concerns
object behavior from repeated impacts) is an approxima-
tion to the limiting cases of impulsive manipulation (which
addresses the mechanics of a single impact). We devel-
oped the limiting cases for rotationally symmetric objects
and found that the possible motions for the limiting case of
continuous tapping are (nearly) identical to those for qua-
sistatic pushing. Finally, we applied our analysis to deter-
mine the possible motions for a disc and a ring under both
limiting cases.
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