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Abstract

All shape-from-intensity methods assume that points in a scene
are only illuminated by the sources of light. This assumption is
valid only when the scene consists of a single convex surface.
Most scenes consist of concave surfaces where points reflect light
between themselves. In the presence of these interreflections,
shape-from-intensity methods produce erroneous (pseudo) esti-
mates of shape and reflectance. We show that for Lambertian
surfaces the pseudo shape and reflectance are unique, and can be
mathematically related to the actual shape and reflectance of the
surface. An iterative algorithm is presented that simultancously
recovers the actual shape and reflectance from the pseudo esti-
mates. Experiments were conducted to demonstrate the accuracy
and robustness of the algorithm.

1 The Interreflection Problem

Points in the scene, when illuminated, reflect light not only in the
direction of the sensor but also between themselves. This is al-
ways true with the exception of scenes that consist of only asingle
convex surface, in which case, no two points on the surface are vis-
ible to one another. In general, however, scenes include concave
surfaces and/or concavities resulting from multiple objects. In
such cases, points in the scene reflect light between themselves.
These interreflections (also referred to as mutual illuminations)
can appreciably alter the appearance of the scene. Existing vision
algorithms do not account for the effects of interreflections and
hence often produce erroneous results.

A class of vision algorithms that are directly affected by in-
terreflections are the shape-from-intensity algorithms, such as,
shape-from-shading [4], photometric stereo [11], and photomet-
ric sampling [7]. All these methods, arc based on the assumption
that points in the scene are illuminated only by the sources of light
and not other points in the scene; interreflections are assumed not
to exist. As a result, these shape-from-intensity methods pro-
duce erroneous results when applied to concave surfaces. As an
example, Figure 1a shows a concave Lambertian surface of con-
stant reflectance (albedo = 0.75), and Figure 1b shows its shape
extracted using photometric stereo. The inability to deal with in-
terreflections has been a serious limitation of shape-from-intensity
methods.
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Figure 1: (a) A concave surface. (b) Its shape extracted using
photometric stereo.

1.1 Forward and Inverse Problems

We identify two separate problems associated with interreflec-
tions; the forward (graphics) problem and the inverse (vision)
problem. All previous work done in this area is related to the
forward problem. The forward problem involves the prediction
of image brightness values given the shape and reflectance of a
scene. Homn [5] discussed the changes in image intensities due
to interreflections caused by polyhedral surfaces that are Lamber-
tian in reflectance. Koenderink and van Doorn [6] formalized the
interreflection process for Lambertian surfaces of arbitrary shape
and varying reflectance (albedo). They proposed a solution to the
forward problem in terms of the eigenfunctions of the interreflec-
tion kernel. Cohen and Greenberg [2] modeled the scene as a finite
collection of Lambertian planar facets and proposed a radiosity
solution to the forward problem and used it to render images for
graphics. More recently, Forsyth and Zisserman [3] used a similar
numerical solution to the forward problem to compare predicted
and measured image intensities.

Here, our goal is to solve the inverse (vision) problem. Given
image intensities, we wish to recover the shape and reflectance
of the scene in the presence of interreflections. The inverse in-
terreflection problem is a particularly difficult one, for in its am-
biguity, it resembles the "chicken and egg” problem. If we can
model the interreflection effects, we may be able to compensate
scene images for these effects and extract accurate shape infor-
mation. However, it is obvious that modeling interrcflections
requires prior knowledge of shape and reflectance. But it is shape
that we are attempting to recover. So which one comes first, shape
or interreflections?



1.2 A Solution to the Inverse Problem

We have developed an algorithm that recovers accurate shape in-
formation in the presence of interreflections. This solution to the
inverse problem is valid for Lambertian surfaces of arbitrary (but
continuous) shape, with possibly varying but unknownreflectance
(albedo). First, an existing shape-from-intensity method s applied
1o the concave surface to obtain pseudo (erroneous) estimates of
shape and reflectance. We have shown that the pseudo shape
and reflectance, though erroneous, can be mathematically related
10 the actual shape and reflectance of the surface. Further, the
pseudo shape has certain interesting properties; it is unique for
a given actual shape, and is less concave than the actual shape.
A recovery algorithm uses these properties to iteratively recover
the actual shape and reflectance from the pseudo shape and re-
flectance. The algorithm uses a physical interreflection model to
compute interreflections in eachiteration. Experiments have been
conducted to demonstrate the robustness, accuracy, and practical
feasibility of the recovery algorithm.

The results presented herc demonstrate two points that we feel
are vital to vision research. First, interreflection effects can cause
shape recovery methods to produce unacceptably erroneous re-
sults. Hence, interreflections must not be ignored. Second, inter-
reflection problems (certainly some, if not all) are tractable and
solvable.

2 A Physical Interreflection Model

Our solution to the inverse interreflection problem is based on the
solution to the forward problem, i.e. modeling interreflections for
asurface of given shape and reflectance. The interreflection model
described here is primarily based on the formulation proposed
by Koenderink and van Doorn [6]. All surfaces in the scene
are assumed to be Lambertian. We will shortly see that this
assumption is necessary to obtain a closed form solution to the
forward interrcflcction problem. The Lambertian surface canhave
any arbitrary shape and varying reflectance, i.e. albedo (p) may
vary from one surface point to the next.

Consider the concave surface shown in Figure 2. The surface
is divided into m infinitesimal facets. Let x; and dx; represent the
three-dimensional coordinates and the surface area of the ith facet,
respectively. The radiance (brightness) and albedo (reflectance)
values of cach facet are assumed to be constant over the entire
facet and equal to the radiance and albedo values at the center
point x; of the facet, i.e. L; = L(x;) and p; = p(X;). Consider the
two facets { and j. The radiance of the facet i due to the radiance of
the facet j is determined using basic radiometric definitions [10]
as:

pi

L = ;‘K,»,-Lj 6]
where the factor Kj; is given by:
n;.r;][n;.r;

K[‘ - [ i j][ J /x] dXJ (2)

{rj.ry 12
Kij is a function of the relative positions and the orientations of
the two facets; it determines the interreflections between i and
J from a purely geometrical perspective. It is referred to as the
interreflection kernel.
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Figure 2; Modeling the surface as a collection of facets, each
with its own radiance and albedo values.

Now, let us consider the entire surface shown in Figure 2.
Assume the surface to be illuminated by a point source of light.
Rays of light that impinge upon the surface are reflected between
the facets. Since the albedo of each facet is less than unity, the
rays of light lose a fraction of their energy with each bounce.
Eventually?, the radiance at each point on the surface converges
to a final steady-state value. Hence, the radiance of the facet i may
be expressed as a sum of the radiance due to direct illumination
from the source and the radiance due to the final radiance values
of other facets on the surface:

L;; + % ZLJ'K;]'
Jj#i

L;

©)]

where Lg; is the radiance due to direct illumination from the source
and the summation term corresponds to the radiance due to mutual
illumination. This is the interreflection equation. Note that the
radiance values L; and L; are assumed to be constants in the above
equation. It is important to note that this assumption is valid only
for Lambertian surfaces; the radiance of a Lambertian surface
element is independent of the viewing direction.

The interreflection equation for the complete surface can be
written using vector notation. We define the facet radiance vector
asL=[Lj, Ly, ... Lm }* and the source contribution vector as
Ls =[ Lsj, Ls3y ovosy Lsm ]T. We also define the albedo matrix P
and the kernel matrixK as:

p1 0 .0 0Kppo ..o ...
] 0py0..0 Ky O........
= — 1 ... ... K= | ..... 0..... @)
L R N 0...
00 com ] L e 0
Then, equation 3 may be written as:
L = Ls + PKL (5)
or:
L = (I-PK)'Ls (6)

L After possibly an infinite number of bounces.



where I is the identity matrix. Thus, we have obtained a non-
iterative, closed-form solution to the forward interreflection prob-
lem. The kernel and albedo matrices are determined by the shape
and reflectance of the surface, respectively. The source direction
and intensity may be used to compute the source contribution
vector Ls. Then the radiance of the surface facets, L, can be
determined using the above equation.

3 The Extracted Pseudo Shape

From equation 6 it is clear that surface radiance values are affected
by interreflections. This indicates that if a shape-from-intensity
method is applied to a concave surface it is expected to produce
erroneous estimates of shape. In order to generalize the inverse
interreflection problem, we assume that the reflectanceof the Lam-
bertian surface is also unknown and may vary from point to point.
Therefore, by the term shape-from-intensity, we mean local meth-
ods that extract both shape (orientation) and reflectance (albedo)
information. Photometric stereo [11] and photometric sampling
[9] are examples of such shape-from-intensity methods®, In the
presence of interreflections, these shape-from-intensity methods
produce erroneous shape as well as erroneous refiectance informa-
tion. We refer to the extracted shape as the pseudo shape and the
extracted reflectance as the pseudo reflectance of the surface. In
this section, we investigate how the pseudo shape and reflectance
are related to the actual shape and reflectance of the surface.

Once again, consider the surface comprised of m facets (Figure
2). The i facet may be mathematically represented as:
Pi

—n;
™

N; = M
where n; = [nx;, ny;, nzi]T is the unit surface normal and p; is the
albedo value for the facet. Therefore, the term "facet” represents
both local orientation as well as local reflectance information. The
complete surface is then defined by the facet matrix F =[Ny, N,
. Consider, once again, the interreflection equation
given by equation 6. Since the surface is Lambertian, the source
contribution vector Ls may be determined from the facet matrix
F and the source direction vector s = [5x, sy, sz]T as:

Ls = Fs ®)
Hence, we obtain:

L = (I-PK)'Fs )
We define the matrix Fp as:

F, = (I-PK)''F (10)

We see that F,, has the same dimensions as the facet matrix F.
In fact, in the absence of interreflections, K is a null matrix and
hence Fp = F. In the presence of interreflections, Fp may be
viewed as representing another Lambertian surface whose shape
and reflectance differ from those of F. Therefore, if a local
shape-from-intensity method is applied to the concave surface,

2We do not include shape-from-shading algorithms in this category as
they assume that the surface has constant albedo and that this albedo value
is known a-priori.
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the extracted shape and reflectance is F, and not the actual shape
and reflectance given by F. We refer to F as the pseudo facet
matrix; it represents the pseudo shape and pseudo reflectance that
are extracted in the presence of interreflections.

In practice, the pseudo facet matrix may be computed by using
alocal shape-from-intensity method. Letus consider, forinstance,
the photometric stereo method. Three different source directions,
s;, S, and s3, are used sequentially to illuminate the surface. The
three resulting surface radiance vectors L, Ly, and Ly may be
expressed as:

[L;, Lz, Ls] = Fp.[s1,52,53] an
The pseudo facet matrix is computed as:
Fp = [Li, Lz, Ls].[s7, 52,5507 12)
The i pseudo facet in F, may be written as:
Pp;
Np; = —mp a3

where np; and pp; are the pseudo surface normal and the pseudo
albedo for the facet i and, in the presence of interreflections, differ
from the actual surface normal and actual albedo of the facet.

We conclude this section by highlighting three important prop-
erties of the pseudo shape and reflectance:

¢ The pseudo shape and reflectance are illumination invariant.
In equation 10, note that the albedo matrix P, the kernel
matrix K, and the actual facet matrix F are all invariant to the
direction and intensity of the illumination. As a result, the
matrix Fp, is also illumination invariant. It is independentof
sources directions used by the shape-from-intensity method
to illuminate the surface!

The pseudo shape and reflectance are unique. From equation
10 we see that the pseudo facet matrix Fj is dependent on
the actual facet matrix F, the albedo matrix P, and the kernel
matrix K. Note that P and K are in turn determined by F.
Hence, F, is dependent only on F. In other words, there
exists only a single pseudo shape and pscudo reflectance
corresponding to a given actual shape and reflectance.

The pseudo shape tends to be less concave than the actual
shape of the surface. A more formal proof of this property
is provided in [9]. Figure 3 illustrates this property through
a few examples of actual shapes and pseudo shapes All the
surfaces are assumed to have a constant albedo value, p =
0.95. The pseudo shapes are computed using equation 10
and are seen to be less concave than the actual shapes.

4

We now present an algorithm that simultaneously recovers both
actual shape and actual reflectance of the surface from the ex-
tracted pseudo shape and reflectance. The algorithm is based on
the three properties of the pseudo shape and reflectance described
in the previous section.

Figure 4 illustrates the flow of the recovery algorithm. At first,
a local shape-from-intensity method is applied to the scene. If the
scene consists of a single convex surface, the extracted pseudo

Recovering Actual Shape and Reflectance
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Figure 3: A few actual shapes (with p = 0.95) and their pseudo
shapes.

shape and reflectance are simply the actual ones. However, if the
scene consists of concavities, the pseudo shape and reflectance
differ from the actual ones. As we showed in the previous section,
the pseudo shape is a shallower (less concave) version of the
actual shape. Hence, the algorithm uses the pseudo shape and
reflectance as conservative initial estimates of the actualshape and
reflectance, to model the interreflections and produce estimates for
the albedo matrix P and the kernel matrix K. The computed P,
K, and the pseudo facets Fp are then inserted in equation 10 to
obtain the next estimate of the actual facets. This estimate of the
surface is expected to be more concave than the previous one and
is used in the next iteration to obtain an even better estimate. The
algorithm may hence be written as:

(I — P*K5)F,
FP

Fk+ 1
FO

(14)

where

In the above equation, P¢ = P(Fk) and Kf¥ = K (Fk). Note
that cach estimate of F provides estimates of both shape and
reflectance. With each iteration, more accurate estimates of shape
and reflectance are obtained and the result finally converges to the
actual shape and reflectance. The convergence properties of the
algorithm are discussed in detail in [9]. The following are a few
assumptions and observations related to the above algorithm.

o The surface is assumedto be continuous. Note that the inter-
reflection kernel depends not only on the orientations of indi-
vidual facets but also on their relative positions. Therefore,
a depth map of the scene must be reconstructed (by integra-
tion) from the orientation map computed in each iteration

Scene
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Figure 4: The shape and reflectance recovery algorithm.

of the algorithm. The continuity assumption is necessary to
ensure integrability of the orientation maps.

The proposed recovery algorithm may be used in conjunc-
tion with existing shape-from-intensity methods. The shape-
from-intensity method used must be capable of computing
accurate estimates of both pseudo shape and pseudo re-
flectance The recovery algorithm is in no way related to
the shape-from-intensity method used to obtain the pseudo
shape and reflectance. This fact is emphasized by the dotted
line shown in Figure 4.

No extra images (measurements), in addition to the images
used by the shape-from-intensity method, are needed to re-
cover actual shape and reflectance.

For each iteration of the above algorithm, the kernel is com-
puted for every pair of facets in the scene. Therefore, the
algorithm is of O(M 2 ) complexity, where n is the num-
ber of facets in the scene and M is the number of iterations
required for shape and reflectance estimates to converge.

5

Several simulations as well as laboratory experiments have been
conducted [9] to demonstrate the accuracy and practical feasibil-
ity of the shape and reflectance recovery algorithm. Here, we will
present one of our experimental results to illustrate the perfor-
mance of the algorithm on real surfaces.

Figures 5 shows a photograph of an inverted pyramid. The
surface is painted and has a matte (Lambertian-like) finish. In-
candescent light sources were used to illuminate the surface from
three different directions, and a 512 x480 CCD camera was used
to obtain images of the surface. The pseudo shape and reflectance
of the surface were computed by photometric stereo. The recov-
ery algorithm was used to obtain the actual shape and reflectance
from the pseudo estimates. Figures 7a and 7f illustrate isometric
and front views of the structure of the inverted pyramid in Figure
5. Figures 7b and 7g show the isometric and front views of the

Experimental Results



pseudo shape of the inverted pyramid extracted by photometric
stereo. The pseudo shapes are followed by a few intermediate
estimates of the shape produced by the recovery algorithm. The
convergence graph for the inverted pyramid is shown in Figure 6.
The shape estimate converges in about 6 iterations with a mean
orientation error® 6, ~ 3 degrees.

6 Conclusion

We have presented an algorithm for recovering the shape and
reflectance of Lambertian surfaces in the presence of interreflec-
tions. The surfaces may be of arbitrary but continuous shape, and
with possibly varying and unknown reflectance.

The actual shape and reflectance are recovered from the pseudo
shape and pseudo reflectance estimated by a local shape-from-
intensity method (e.g. photometric stereo). Thus, the algorithm
enhances the performance and the utility of existing shape-from-
intensity methods.

From the results reported here, two observations can be made
that are pertinent to machine vision: (a) interreflections can cause
vision algorithms to produce unacceptably erroneous results and
hence should not be ignored; (b) interreflection problems (at least
some) are tractable and solvable.

In this paper, we have restricted ourselves to Lambertian sur-
faces. As future research we are interested in extending our
interreflection analysis to specular surfaces, and subscquently, to
surfaces with more general reflectance characteristics.
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Figure 5: Photo of an inverted pyramid.
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Figure 7: Shape recovery results for

the inverted pyramid shown in Figure 5.
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