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ABSTRACT: Autonomous and teleoperated mobile robots
require an accurate knowledge of their spatial location in order to
accomplish many tasks. Many mobile robots make use of dead
reckoning navigation because of its simplicity, low cost and
robustness. Although dead reckoning navigation has been used

for centuries for ships and wheeled vehicles, the application to a .

walking machine is novel. Since walking machines differ greatly
from ships and wheeled vehicles, a new approach to dead reckon-
ing was developed to solve this problem. This paper discusses the
problem, a solution, preliminary test results and future goals for
dead reckoning navigation. Experiments were done with the
Ambler, an autonomous, six-legged walking robot, but the results
are general and apply to any statically stable walking robot. The
current results show a systematic bias of two percent of body
advance in the direction of travel. Although the cause of this bias
is unknown, it is corrected in the position estimation routines.

[. Introduction

Autonomous and teleoperated mobile robots require an
accurate knowledge of their spatial location in order to accom-
plish many tasks. Many mobile robots make use of dead reck-
oning navigation because of its simplicity, low cost and
robustness. Although dead reckoning navigation has been used
for centuries for ships and wheeled vehicles, the application to
a walking machine is novel. Since walking machines differ
greatly from ships and wheeled vehicles, a new approach to
dead reckoning was developed to solve this problem. This
paper discusses the problem, a solution, preliminary test results
and future goals for dead reckoning navigation. Experiments
were done with the Ambler, an autonomous, six-legged walk-
ing robot, but the results are general and apply to any statically
stable walking robot.

Dead reckoning is defined as:

The determination, without the aid of external observations,

of the position and orientation of a vehicle from the record
of the courses travelled, the distance made, and the known

estimated drift. !

A vehicle, starting from an initial position, Po’ travels along
a path segment defined by a/1 and 8, see Fig. 1. The new posi-
tion, P,, can be estimated from the course and distance trav-
elled. The accuracy of the location is dependent on the accura-
¢y of the data, since there is no way to verify the new location.
Therefore, the proper representation of the new location is a po-
sition with an associated uncertainty, which is represented as a
circle in Fig. 1. Furthermore, at each subsequent location, the
positional uncertainty increases.

The implementation of dead reckoning for a vehicle such as
a car (travelling over smooth terrain), boat or plane is straight

'"Modified from Webster’s Dictionary, which restricts the definition to the
position of ships and planes.
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forward. The instrumentation required is a speedometer, a
compass and a clock (or alternatively an odometer and a com-
pass). The drift can be estimated by the known precision and
accuracy of the devices and an estimation of non-measurable
displacement, such as ocean currents. For a car, assuming the
initial heading is known, the compass can be eliminated by
keeping track of the change in heading of the vehicle. This
technique has been used by mariners for centuries when stellar
navigation was rendered impossible by weather conditions.
The technique is used in modern times by competitors in auto-
mobile road-rallies and the sport of orienteering.

An important limitation of dead reckoning navigation, is that
it can not account for changes in the vehicle’s position which
do not affect its measuring devices. For instance, if a vehicle
were picked up from one location and placed down in another,
dead reckoning would not report a change in position. This lim-
itation does not hold for systems which require external obser-
vations, since any change in position is readily apparent.

Although prone to error and generally not as accurate as oth-
er methods of navigation, dead reckoning can be more robust
than other navigators since it will continue to function when
others fail. Furthermore, dead reckoning navigation is less ex-
pensive, typically by several orders of magnitude, than other
navigational devices. Although in certain special instances
dead reckoning navigation alone may provide sufficient navi-
gational accuracy, in general, it should be combined with other
navigational techniques to provide greater accuracy. See Sec-
tion V1 for further details.

For the reasons elucidated above, dead reckoning navigation
was implemented on the Ambler, an autonomous, six-legged
walking robot for planetary exploration. Fig. 2 is a diagram of
the Ambler. References [2] and [12] provide a description of
the machine, its capabilities and dynamics.

Since wheeled vehicles maintain continuous contact with the
ground, the distance the vehicle travels can be calculated from
the number of wheel revolutions. (This assumes benign terrain,
In rough terrain, the body displacement can be estimated by av-
eraging the rotations of all wheels, however this is typically not

Fig. 1. Dead reckoned course
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Fig. 2. The Ambler

very accurate.) However, when the Ambler body moves, the
feet remain stationary (see discussion in Section V1), therefore,
there is no direct means of measuring the Ambler’s displace-
ment. This necessitates a new methodology for dead reckoning
estimation. Furthermore, the authors claim that this new meth-
odology works equally well on benign terrain as on severe ter-
rain, and that the dead reckoning for this class of walking ma-
chines will be more accurate than wheeled machines over se-
vere terrain.

This paper is organized as follows: Section I describes dead
reckoning navigation that has been previously implemented for
other robotic systems. Section III presents a formal statement
of the problem. Section IV- describes the approach implement-
ed. Section V presents some test results. The final sections dis-
cuss future work, improvements and conclusions.

I1. Previous Work

Since few mobile robots exist, there are few published arti-
cles pertaining to the use of dead reckoning navigation for this
type of system. The paper by Smith and Cheeseman, [16], deals
with a robot on a planar surface and discusses the effects of the
accumulation of error. This paper assumes some external sens-
ing devices, such as acoustic sensors or cameras. Similarly, the
papers by Watanabe and Shin’ichi,- [19], and Crowley, [4],
assume external sensors as well as dead reckoned position
information.

The paper by Amidi [1], provides a discussion of an imple-
mentation of dead reckoning navigation for wheeled vehicles,
and its actual implementation on the NavlLab. The paper pre-
sents equations for determining the dead reckoned position of
a wheeled robot on benign terrain. The accuracy of the maodel
was determined by comparing dead reckoned position esti-
mates with positioning information obtained from a Global Po-
sitioning Satellite system. In addition, there is a discussion of
sensor fusion for improving overall system navigation.

The author is not aware of any work discussing dead reckon-
ing navigation for legged vehicles. This may be due in part to
the very small number of legged vehicles in existence today.
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II1. Problem Statement

The problem is to determine the position and orientation of
a walking robot at any given time. To do this a coordinate sys-
tem, called the body frame, will be assigned to the robot.
Another coordinate system, called the world frame, will be
assigned to a frame of reference. Points in one frame are
mapped into the other frame by a translation (by a vector T)
and a rotation (by a matrix R). Fig. 3 below shows the world
frame, the body frame and a point, j, fixed in the body frame.

Fig. 3. Relation between world and body frames

If the position of a point fixed on a rigid body and orientation
of that body were known for all time in some frame, then the
position of any other point on that body, with respect to the
specified frame, is readily calculated for all time. But this will
not work for the Ambler for several reasons: First, the Ambler
has automatic body leveling, which permits continual reflexive
changes in body orientation. Second, structural deformation
will also lead to unmodellable changes in orientation. Third,
the technique used to set a foot on the ground causes uninten-
tional changes in body orientation. Fourth, small soil deforma-
tions can also cause unreported changes in body orientation as
well as in foot position. (See the discussion in Section VI.)
These reasons preclude the possibility of storing body orienta-
tion and using a simple scheme based solely on the addition of
displacements from the initial configuration. Instead, only the
positions of the feet are stored and are used as the basis for po-
sition estimation.

To solve the dead reckoning problem, it is assumed that at
any given time, the Ambler can be treated as a rigid body (in
this work, the effects of structural distortion are ignored, see
Section V and Section VI for further discussion), which means
that the feet do not move unless commanded to do so. With
these assumptions, the dead reckoning problem becomes one
of finding the rigid body transformation (the matrix R and the
vector T) which satisfies:

P, =RP, +T (1
where, Pw". is the position of foot j in the world frame, and PbJ.
is the position of footj in the body frame. Both Pw,j and Pb,j are

known at all times since the former are stored and the latter can
be calculated from the mechanism kinermatics. Since measured
data is imperfect and models are not exact, a solution is sought
which minimizes the squared error, g(R,T), where:

gR,T) =Y we )
i



with
e = Pw,j"R Pb’j—T
where wj are weights which are related to the observations.

(©))

To specify the position and orientation of a rigid body in
some frame, the position of three, non-colinear points fixed in
the rigid body must be known in that frame. If fewer than three
points were known, the problem is insoluble. (If only one point
were known, the body would be free to rotate about that point.
If only two points were known, the body would be free to rotate
about the line defined by the two points.) If more than three
points are specified, the problem is over-constrained. In the
case of the Ambler, six points, the positions of the feet, are
known, thereby over-constraining the problem. One approach
to this over-constrained problem would be to discard the extra
data, but ignoring valid information does not seem productive.
Another approach is 1o use a method which allows weighting
the data according to its reliability. The weights are the wj

which appear in (2). Several methods for doing this are dis-
cussed in Section IV,
In summary:
The Ambler dead reckoning problem is to determine the
position and orientation of the Ambler in the world based
on the positions of the feet in the world frame. The solution
is the rigid body transformation which minimizes the
squared error defined by (2). This is an over-constrained
problem.

IV. Approach

The implementation of dead reckoning on the Ambler is
decomposed into three components; the elimination from con-
sideration of slipped feet, the solution of the rigid body trans-
formation problem and the update of the foot positions. The
first step is used to remove erroneous data points so they do not
affect the accuracy of the solution. The second step is the actual
position determination. The third step is used to update the
positions of the feet based on the newly calculated body posi-
tion.

A. Checking for “slipped feet”

It is possible that a foot may make an uncommanded move
due to some external force; this would violate our assumptions.
To achieve the best position estimate, these positions should be
eliminated so they do not corrupt the solution. For any rigid
body, the distance between two points fixed on that rigid body
is a constant. Using this fact, the foot positions are prepro-
cessed to prune any suspect ones. Using the assumption that the
Ambler is a rigid body, the distance between each pair of feet
is calculated in the world frame and the body frame, and then
compared. In predicate form, this can be expressed as

DU i1} PSS TS R R
lipij) = )

0 otherwise

It a foot slips, the rigid body assumption is violated, and the
difference between the distance calculated between two feet in
the world frame and the distance calculated between two feet

in the body frame will exceed some allowed value A. The posi-
tion of a foot which is found to have slipped is not used for the
solution of the rigid body transformation.

B. Solution of rigid body transformation

The determination of a rigid body transform is a common
problem in computer vision, arising frequently in techniques
such as motion analysis and camera calibration. Three different
techniques are commonly used for the solution of this problem.
The first method ignores the fact that R is an orthonormal
matrix and treats it instead as a matrix of nine independent
unknowns. Once a solution is obtained, R is orthonormalized.
The other methods treat R as an orthonormal matrix from the
start, but derive the result by different representations of R. The
second method leaves the problem in the form of vectors and
matrices, while the third makes use of quaternions.

R as nine independent unknowns

This technique is conceptually the simplest, but probably
yields the worst results. The fact that R is a rotation matrix is
ignored, instead it is treated as a matrix of nine independent
unknown quantities. This allows rewriting the right-hand side
of (1) as a matrix of constants multiplied by a vector of 12
unknowns (9 from R and 3 from T). Since each foot position
consists of three values (the Cartesian coordinates in the world
system), a minimum of four foot positions are required to find
a solution using this method. A solution which minimizes the
squared error is applied to obtain R and T, [7]. Once an R
matrix is obtained, Gram-Schmidt orthonormalization, or
equivalent, [14], is applied to make R an orthonormal matrix.

This method seems appealing because of the simplicity of
the solution. However, the solution may require more computer
time than the other methods due to the inversion of a 12x12
matrix and the orthonormalization procedure. In addition, poor
results are expected because there are not 12 independent un-
knowns, but rather only six.

R as a rotation matrix

Two techniques are presented which find the solution to (2).
The first represents R as a matrix, the second represents R as a
quaternion. Since these techniques make use of the fact that
rotation matrices are orthonormal, only three foot positions are
required for the solution.

For both of these techniques, auxiliary equations are needed
in addition to (1) to ensure the orthogonality of R. In the singu-
lar value decomposition scheme, these are expressed as addi-
tional constraint equations forcing the orthogonality and unit
norm of the columns of the matrix. For the quaternion ap-
proach, this condition is enforced by normalizing the resultant
quaternions. It is important to note, that in both of these cases,
as well as the previous case, the solution is obtained without it-
eration.

The Singular Value Decomposition Technique

The derivations for this method are found in [13] in Appen-
dix B.1. Given a set of j measurements with associated weights,
wj, the best estimate for R and T to minimize (2) is given by:
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w = Z_wf (5)

J
P, = ZWI'PWJ (6)
J
P, = Zw}-Pb’j » D
J
T
A= ijPw_jP b (8)
j
1 T
E=A--PP 9)
and let
E = UsV? (10)

be the singular value decomposition (SVD) of E. Then
R=uV (11)

(12)

N 1 N
T=_(P-RP,.

One important implementational note is that the U and V
matrices returned by the SVD routine must have the same
“handedness”, that is they must both be right-handed or left-
handed (that is, the determinants have the same sign), other-
wise, the result of (11) will be incorrect.

The Eigenvalue Technique

This solution differs from the singular value decomposition
approach in the mathematics only. The underlying principles
and assumptions are the same. Faugeras and Hebert first pub-
lished this solution in [6]. First, (2) is written in the form:

g=Y|a*x-x q-trq)’
J

(13)

where ¢ is a quaternion representing the rigid body rotation, t

is a quaternion representing the rigid body displacement, and x
is a quaternion representing the data points. It can be shown
that
—-x'.* = .
q*x;- X *q = Aq (14
where A, is a 4x4 matrix and * is the quaternion multiplication

operator. Defining

A= ZAjA ) (15)
j
C = ;Aj , (16)
the solution is found to be
t = Cq,y *a/N amn

where min is the eigenvector associated with the minimum ei-

genvalue of the matrix A - CTC/N, where N is the number of
data points. The rotation matrix can be extracted directly from
(nun, [6] and [8]

Since a rigid body rotation can be described by three num-
bers, storing the entire R matrix is superfluous. Routines are
used to uniquely extract three numbers from a rotation matrix,
[3]and [11].
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C. Update positions of slipped feet

After the position of the body has been calculated, the posi-
tions of the feet in the world are calculated based on the new
body position and compared to the stored values. Ideally, there
should be no difference, but since the algorithms used are based
on minimizing the squared error, it is not expected that the dif-
ference will be identically zero for any foot. To minimize the
accumulation of error, the position of a foot is updated only if
the difference exceeds some tolerance value. This can be done
since the primary assumption of the dead reckoning technique
is that the feet do not move unless commanded to do so.

D. Determination of rotations

A clinometer measures the angle of the gravity vector rela-
tive to itself. To understand the need for clinometers for the
determination of the tilt angles, the following thought experi-
ment is helpful. Imagine the Ambler standing in a normal
stance. If one leg were to fully extend vertically, the Ambler
would be at a severe angle, with only three feet making contact
with the ground. This violates the assumption that feet which
are not commanded to move, do not move. However, in this
case, the dead reckoning would erroneously report that the
Ambler had placed the foot into a deep hole and that body posi-
tion had not changed.

To solve this problem, clinometers are used to detect the
body tilt angles. After the dead reckoning algorithm has com-
puted the new body position, the clinometers are read, and the
values are used in the rotation matrix. Experiments conducted
before the installation of the clinometers showed that the tilt
angles were never changed by the dead reckoning algorithm.
The effect of this was that the dead reckoning reported that the
Ambler was walking on a slope, depending on the initial value
of the slope that was supplied to the system. The use of clinom-
eters dramatically improves the accuracy of the dead reckon-
ing. Further improvements can be made by using additional
sensing information. This will be discussed in more detail in
Section VL :

V. Test Results

To date, the only approach implemented on the Ambler for
the solution of the rigid body transformation problem is the sin-
gular value decomposition technique. Several tests of the dead
reckoning accuracy have been conducted. To test the real-
world accuracy of the Ambler, a system was devised which
measures the position of the body in the world directly. This is
used as the ground-truth against which the accuracy of the dead
reckoning is compared. As the Ambler moves along a path, the
commanded move, the dead reckoned position and the directly
measured position are recorded for each step.

To measure the ground truth position of the Ambler, retro-
reflectors were mounted on the Ambler in several locations.
Their positions in the body frame are known from direct mea-
surement. To determine the position of the Ambler, a surveying
instrument is used to locate these points in the world frame. By
using the same technique as the dead reckoning algorithm, to
find the solution of a rigid body transformation, the position of
the Ambler is calculated. This method has a certain degree of
inaccuracy, due to errors in measured location of the retro-re-



flectors, operator inconsistency in taking the measurements,
the use of a least-squares technique, etc.; however, each mea-
surement is independent of the previous measurement and the
error sources are independent, so there will be no accumulation
of ground-truth measurement error.

Testing of the Ambler has shown that absolute positioning
accuracy is on the order of tenths of a percent, however, using
the previously described procedure, the real-world accuracy of
the dead reckoning was determined to be more than 3 cm/body
advance, more than six percent of the body advance. Using a
calibration procedure, kinematic improvements were incorpo-
rated into the Ambler model and another dead reckoning test
was conducted. The dead reckoned position and the com-
manded move were consistent, the errors are small and appear
to be random, Fig. 4, but there was a monotonically increasing
difference between the dead reckoned position estimate and the
ground truth position, Fig. 5.

After the kinematic improvements, the error per step has
been reduced to about 1.2 cm/body advance (two percent of
body advance). As in the previous test, the dead reckoned po-
sition always lags the actual position. There are two possible
conclusions that can be drawn: there is still an unmodelled sys-
tematic error and/or the Ambler slips as it walks. Instead of try-
ing to determine the source of this bias, itis corrected by simply
adding two percent of the body advance in the direction of trav-
el, (see Fig. 6).
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Fig. 5. Difference between dead reckoned position and ground truth positions,

after kinematic calibration

The errors in the rotations are of small magnitude and appear
to be random, and are probably due to measurement errors.

The inaccuracy in the direction of the world Z axis is proba-
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Fig. 4. Difference between dead reckoned position and commanded move,
after kinematic calibration

bly due to the unmodelled effects of the foot terrain interaction.
This inaccuracy is caused by the compression of the soil. The
Ambler sinks into the soil with each step, but this sinkage is not
modelled. Examination of the data shows that the Ambler po-
sition estimates are always higher than the ground truth posi-
tion. The error in angle of the rotation in the plane shows what
appears to be a random error, on the order of 0.1 degrees. A
larger number of points would have to be studied to determine
if the error is truly random.

Error Y,

‘ Estimated
Positio

Direction of
Travel

Error X [

Y

Fig. 6. Bias correction
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The current results are sufficiently accurate to be used for
near-term testing of the Ambler. However, as the mission du-
ration increases, greater accuracy will be required from the
navigation system. This will be achieved by combining the
dead reckoned position with other position estimates. To do
this, the uncertainty of the dead reckoning must be modelled.
The technique presented above for removing the bias is a first
step towards this model, but is insufficient. However, if the er-
ror in the angle of rotation in the plane is shown to be a random
error, then its uncertainty model would be based on the magni-
tude of the error.

V1. Future Work

There are several areas in which work still needs to be com-
pleted. The first is to account for small positional perturbations
of the foot positions which are not currently modelled. The sec-
ond is to implement alternative techniques for the solution of
the rigid body transtormation problem. The third is to perform
more tests of the dead reckoning to determine system accuracy
and to help determine an error model. A fourth is to continue
testing the system, including turns, point turns, longer dis-
tances, different soils, etc.

The most important of these is the first. As stated several
times, a primary assumption of the dead reckoning is that the
feet do not move unless commanded to do so. However, this is
not the case. In the current mode of operation, the Ambler
walks by recovering its rear-most foot, placing it in front of the
body, loading it to some pre-determined force, then moving the
body forward. For dead reckoning purposes, the position of the
foot in the world is updated after the foot has placed down, but
before the body moves forward. Since most terrains are com-
pliant, as the body moves forward, a greater load is applied to
the front legs, causing them to sink into the terrain. Currently,
this sinkage is not accounted for and may prove to be a source
of inaccuracy. These effects must be studied, and if the results
are significant, they should be incorporated into the model.
This study should also provide usetful information that can be
used in other aspects of the project other than navigation, e.g.,
determining the appropriate amount of force to apply when a
foot is set down.

VII. Conclusion

The dead reckoning system implemented thus far is the first
step towards the goal of a robust, autonomous navigation sys-
tem. A key development in the work to date was the recogni-
tion that the location of the Ambler can be determined by the
solution of the rigid body transform problem, which permits
using previously developed methodologies, Initial tests of the
system have shown that the system works well and have indi-
cated those areas where improvements are required. The navi-
gation problem takes on increased importance as the goals for
the Ambler become more ambitious. The work presented in
Section IV is only the beginning of the solution to the naviga-
tion problem, a problem which may eventually encompass
such topics as soil mechanics and integration of additional nav-
igational devices.

Testing of the Ambler has shown that absolute positioning
accuracy is on the order of tenths of a percent. In Section V, the

best dead reckoning results presented show a systematic error
of two percent of the body advance. The question must be
raised is whether more time should be spent improving the ac-
curacy of the dead reckoning, perhaps by farther mechanism
calibration? The authors feel that this is not necessary, because
the error can be quantified and used to combine the results of
dead reckoning with other navigational schemes. The final ac-
ceptance tests will be to determine the accuracy of the Ambler
as it walks outdoors over large distances, elevation changes and
obstacles.

References

O. Amidi. Integrated mobile robot control. Technical Report CMU-RI-
TR-90-17, Robotics Institute, Carnegie Mellon University, 1990.

J. Bares. Orthogonal Wwalkers for Autonomous Exploration of Severe
Terrain. PhD thesis, Department of Civil Engineering, Carnegiec Mellon
University, May 1991.

1. Craig. Introduction to Robotics, Mechanics and Control. Addison-
Wesley Publishing Company, Menlo Park, California, 1986.

J.L. Crowley. World modeling and position estimation for a mobile robot.
In ICRA, pages 674-680, Scottsdale, Az, May 1989.

J. Denavit and R.S. Hartenberg. A kinematic notation for lower-pair
mechanisms based on matrices. Journal of Applied Mechanics, pages
215-221, June 1955.

0O.D. Faugeras and M. Hebert. The representation, recognition, and locat-
ing of 3-d objects. Intl. Journal of Robotics Research, 5(3), Fall 1986.

A. Gelb. Applied Optimal Estimation. The MIT Press, Cambridge, MA,
1974.

W.R. Hamilton. Elements of Quaternions. Chelsea Press, New York,
1969.

B.K.P Horn. Closed-form solution of absolute orientation using unit
quaternions. Journal of the Optical Society of America, 4(4), April 1987.

S. Hayati, K. Tso, and G. Roston. Robot geometry calibration. In Proc.
IEEE Intl. Conf. on Robotics and Automation, pages 947-51, April 1988.
T. Kane, P.W. Likins, and D. Levinson. Spacecraft Dynamics. McGraw
Hill, New York, 1983.

D. Manko. A General Model of Legged Locomotion on Natural Terrain.
PhD thesis, Dept. of Civil Engineering, Carnegie Mellon University,
April 1990.

L. Matthies. Dynamic Stereo Vision. PhD thesis, School of Computer Sci-
ence, Carnegie Mellon University, October 1989.

W.H. Press, B.P. Flannery, S.A. Teukolsky, and Vetterling W.T. Numeri-
cal Recipes in C, The Art of Scientific Computing. Cambridge University
Press, New York, 1988.

G.P. Roston and E.P. Krotkov. Dead Reckoning Navigation for Walking

Robots. Technical Report CMU-RI-TR-91-27, Robotics Institute, Carn-
egie Mellon University, 1991.

(1]
(21

i3]
[4]
151

(6]
{7
(8]
[9]
[10]
(g

[12]

{13]

[14]
f1s]’

[16] R.C. Smith and P. Cheeseman. On the representation and estimation of

spatial uncertainty. Intl. Journal of Robotics Research, 5(4), Winter 1986.

Song, Shin-Min and Waldron, K.J. Geometric Design of a Walking
Machine for Optimal Mobility. Journal of Mechanisms, Transmissions,
and Automation in Design, Vol. 109, March 1987, pages 21-28.

Todd, D.J. Walking Machines, An Introduction to Legged Robots. Chap-
man and Hall, New York, 1085.

Y. Watanabe and Y Shin’ichi. Position estimation of mobile robots with
internal and external sensors using uncertainty evolution technique. In
Proc. IEEE Intl. Conf. on Robotics and Automation, April 1990.

[17]

(18]

{19}

Acknowledgments

This research was sponsored by NASA under Grant NAGW-
1175. The authors would like thank Red Whittaker, Reid Sim-
mons, Martial Hebert, Henning Pangels and Brian Albrecht for
their assistance.

612



