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Abstract 

Improving the performancc of most cnginccring systems rcquires thc ability to modcl the systcm's hchavior 

with improved accuracy. 'Yhc evolution of thc mcchmical arm from tclcopcrator and cranc to prcscnt day 

industrial and spacc robots and large spacc manipulators is no cxccption. Initial simylc kincmaric and 

dynamic modcls are no longcr adequate to improve performancc in the most critical applications. 130th thc 

mechanical system and control system require improved modcls for design simulation. Proposcd new control 

algorithms rcquirc dynamic models for control calculation. Manning and programming activities as wcll as 

man-in-thc-loop simulation also require accurate models of the arms. 

Accuracy is usually acquircd at some cost. 'The application of mechanical arms to cconomically sensitive 

endeavors in industry and space also gives inccntive to improve the cfficicncy of thc formulation and 

simulation of dynamic models. Control algorithms and man-in-the-loop simulation rcquirc "real time" 

calculation of dynamic behavior. Formulation of the dynamics in an easy to undcrstand conccptual approach 

is also important if maximum use of the rcsults is to be obtained. 

The nonlinear equations of motion for flexible manipulator arms consisting of rotary joints connecting two 

flexible links are developed. Kinematics of both the rotary joint motion and the link deformation are 
described by 4x4 transformation matrices. The link deflection is assumed small so that the link 

transformation can be coniposed of summations of assumed link shapes. The resulting cquations are 

presented as scalar and 4x4 matrix operations ready for programming. The efficiency of this formulation is 
compared to rigid link cases reported in the literature. 

Keywords: Robots; Distributed parameter systems; Models; Manipulation; Vibration control; Flcxible 

mcchanisrns; Mechanical arms. 
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1. Sketch of Prior Work 
Much work has bccn donc to formulatc tlic dynamic cquations of  motion for mcclianical arms with 

rigid links. Work on thc "invcrsc dynamic formulation" uscd in control can be found i n  references [22], [27], 
1291, [2] m d  i n  thcir bibliographics. Ilcfcrcnccs [30], [20], [33] ,  [32], [12]. and tlicir bibliographies rcprcscnt 
work on thc dynamic formulation for simulating rigid l ink  arms. 'I'hc cffcicncy of thcsc fotlnulations and 
alternatives to  thcir real timc calculation is discusscd in (261, [ 11 and the works rcfercnccd thcrcin. 

'llic liniitiition of thcsc works is that rigid links arc nssumcd. With this assumption thc tcchniqucs 
bccomc ;it sotnc point self dcfciiting. if thcir purposc is to improve pcifornimcc. Maintiriniiig rigidity of rhc 
links inhil% iiiiprovcd pcrformancc but is IiCccSSiIl*y i f  tlic rigid l i n k  ;issumption is to bc iiccirratc. 

Considcriition of flcxibility aiid control of thc links in ann-type devices was rcportcd i n  1972 b y  
Mir ro  124). 'I'liis ciirly work considcrcd Imli tlic modcling, i\nd control of iI  single link device. Ilook [7] 
considcrcd the linciir dynamics of spatial flcxiblc aims rcprcscntcd as lit mpcd mass iind spring components 
v i s  4x4 trniisfonn;itit,n matriccs. 'l'his was rcfincd and lntcr rcpor-tcd in 191. I look and Whiincy 1.31, 131 lntcr 
considcrcd 1inc;rr distribiitcd dynamics of planar arms via  transfcr mw-iccs and tlic liniirations flcxibility 
imposed on conrrol systctn pcrfi)rmancc [8]. Maiiia and Whitncy 12.11. 141 trscd :I plnn;ir nonlinciir modcl w i t h  
modal rcprcscntiirion of tlic flexibility and considcrcd modal control a s  a tcchniquc for ovcrcoming tlic 
limitations of thc flcxibility. Wliitncy, I3ook. and I .ynch [34], (41 considcrcd the design iinpliciitions of 
flcxibility. 1 )istributcd t'rcqucncy domain analysis of nonplanar arms using transfcr matrix tcchniqucs [SI. [ti] 
has bccn used h y  I3ook, ct.al t o  vcrify Lhc accuracy of truncatcd modiil niodcls o f  thc nonlincar spiitial 
dyiiamics of Ilcxiblc manipulators (thc Kcmotc Manipulator of thc Spacc Sliuttlc). 'l'lic 1iolilincilr rnodal 
modcl appearing hcrc was first prcscntcd by the author in 1982 [lo]. A tnorc classical approach to 
manipulator dynamics. both rigid [lY] and flcxiblc [19], has bccn undcrtakcn b y  I lustoti and his coworkcrs. 

'I'hc work in flcxiblc spilcccraft has spnwncd a line of rcscnrch pcrtaining to thc intcraction of miculatcd 
structurcs. 'l'his work has grcat rclcvancc to thc manipulator inodcling problcm. Entries inm this Iitcraturc 
arc provided by tlic works of  1-ikins [21] and Hughes [25]. 'Ihis activity produccd n spatial, nonlincar, flcxiblc 
manipulator modcl rcportcd by Ho ct.al. [ 141 and corrcsponding compiitcr codc for simulation. The 
simulation rcquircd grcat amounts of compiitcr timc and was unsuitablc f o r  cvcn off linc simulation. Further 
work for tlic purposcs of simulating thc Spacc Shuttlc Kcmotc Manipulator was pcrformcd by Hughes. His 
lineariicd modcl is rcportcd in [ lh]  and a morc gcncral modcl is rcportcd in [17]. 'l'llc Hughcs niodcl ignorcs 
the intcraction bctwccn structural dcfbrmation and angular ratc as might bc appropriarc for thc Spacc Shuttlc 
arm. 'I'his work and associcwd work at SPAR Acrospacc. I,td. and the Cliarlcs Stark lk ipc r  I .aboratory. Inc. 
prohably rcprcscnt thc most intcnsivc work on thc niodcling, simu1;ition itnd conti ol of flcxiblc arms. 
Unfortunatcly, littlc of this work has bccn rcportcd in thc opcn litcraturc. licccnt cxarnination of 
cxpcriincntal results from tlic operation of the Shuttlc a r m  in spacc has confirmcd the wlidity of tlicsc 
modcls. h4o t~  rcccntly. Sing11 and I-ikins [ZS] liavc rcportcd an cflicicnt flcxiblc arm simulation program. 

Yct anothcr briinch of rcscarch that has found its way to tlic flcxiblc maiiipulator dynamics problcm is 
thc study of flcxiblc mcchanisiiis. Ilubowsky illid Gardncr [13] and Winfrcy [ 3 S ]  providc tlic rcadcr with a 
bibliography on this work. Sunada and Ihbowsky [31] havc dcvclopcd modcling tcchniqucs ayp1ic;rblc to 
both spatial closed loop tncchanisms and opcn loop chains such as manipulator arms. 'l'his wvrk assiimcs a 
known numinil1 tiio!ion ovcr time about which tlic flcxiblc arm cquations arc 1incarii.cd. 'I'his fills short of a 
truc simulation of thc flcxiblc, nonlincar cquations, but is an intcrcsting compromisc fur Lhc sakc of 
computational spccd. 'I'his tcchniquc is oricntcd toward finite clcincnt analysis tu obtain modal 
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cliaractcristics of tlic links which arc tlicn combined using a tinic varying compatibility 
rnatriccs t o  rcprcscnt tlic nominal kincinatics and dcrivation of thc comp;itibility matrix. 

matrix. I t  iiscs 4x4 

1 .l. Perspective on This Work 
'l'liis report StrcssCS an cfficicnt, complctc. and conccptually striiightfoi-wiird modcling :ipproiicli using 

thc 4x4 transformation niiitriccs that arc familiar to workcrs i n  thc ficld o f  robotics. I t  is unique in several 
rcspccts: It iiscs 4x4 rnatriccs t o  rcprcscnt both the joint and dcflcction motion. 'I'lic dcflcction 
transfi)rm~ition is rcprcscntcd in tcriiis of a summation of modal shapcs. 'l'hc coinpiitations rcsulting Troln thc 
I .;igr;iiigi;in forniu1;ilioii of tlic dyn;iniios arc rcdiiccd to rcciirsivc fimn similar 10 t1i;lt which 1i;is provcn so 
cl'liciciit in tlic rigid link CilSC. 'I'hc cqiiiitions arc frcc from assumptions of i i  nomiiial motion. and do not 
ignorc thc intcrxxion of ilIl_Stiliil. rates and dcllcctions. 'I'hcy do iissunic sinull dcflcctions of the links which 
can be dcscribcd b y  ;I suriiinatioii of  tlic modal sliapcs and ii lincar modcl of elasticity. Only ro1ation;il joints 
arc allowcd. 'I'lic rcsulls arc quitc tractiiblc for automatcd compiilcr solution of irrbitrary roti iry joints. 
Prcliininirry progr;ims writtcn to c\~iiltIittc compictational cfficicncy show that this mctliod rcquircs about 2.7 
tiincs 21s many coinpiitations ;is tlic most cffcicnt rigid formiilations with tlic sainc nilnibcr of dcgrccs of 
frccdorn. 'I'hc rigid modcl could incorporatc 21 dcgrccs of frccdoin coinparcd to 12 dcgrccs of frccdoiii (6 of 
which arc joints) for this llcxiblc modcl. 'l'hus, 15 dcgrccs of frccdoin in thc rigid modcl could bc uscd to 
approximatc tlic llcxibility that tlic 0 flcxiblc dcgrccs of frccdoin of thc modcl prcscntcd hcrc approxiniatc. 
'l'lic rcliitivc accuracy of tlic two approximations has not been dclcrmincd. 'I'hcsc issucs arc disqusscd i n  morc 
dctail i n  tlic Conclusions. 

2. Flexible Arm Kinematics 
Thc  pi-cvioirs works on rigid arm dynamics usc thc scrial naturc of manipulator arms which results in 

iniiltiplicativc tcrins in tlic kincinatics. 'l'hc modill rcprcscntation of flcxiblc structurc dynamics, on tlic other 
haud. is ;I parallel or  additivc rcprcscntation of the systcm bchavior. Onc of thc contributions of this papcr is 
to rcsolvc thi5 diffcrcncc in a concisc way. As with many of thc prcvious works on rigid dynamics. the 4x4 
mauiccs o f  llcnavit and Hartciibcrg [I  I ]  arc uscd. Sunada and Ilubowsky [31] uscd this rcprcscntation for 
thcir flcxiblc arm sinidations but did not produce a completc nonliiicar dynamic simulation. Othcr workcrs 
siich as I-lughcs [ 171 rclicd on thc morc gcncral formulation provided by a vcctor-dyadic rcprcscntation. 
Whilc Silvcr [27], I lollcrbach [15], and othcrs have pointed out the rclativc incfficicncy of the 4x4 
formulation. thc conccptual framcwork is most advantiigcous whcn tackling thc complcxity of tlic flcxiblc 
dynamics. 

I M n c  thc position of a point in Cartcsian coordinatcs by an augmcntcd vcctor: 
' S  [ 1 x-componcnt y-component z-conponcnt] . 

Ikfinc tlic coordinatc systcm [x y 7.1, on l i nk  i with origin Oi at  thc proximal cnd (ncarcst tlic basc) oricntcd so 
that thc x axis is coincident with thc neutral axis of tlic bciiln in its undcformcd condition. 'I'hc oricntation of 
thc rcniiiiniiig axes will bc donc so as to nllow cfficicnt description of thc joint motion. A point on thc ncutral 
axis a t  x = q whcn the b c m  is undcfimncd is locatcd at 'hi(q) undcr a gcncral condition of dcforniation. in  
tcrins of systcm i. 

13y ii homogcncous transformation of coordinatcs tlic position of a point can bc dcscribcd in a n y  otlicr 
coordinatc systcm j if tlic transformation matrix 'Wi is known. 'I'lic form of this matrix is 
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1 I 01 

componcnt ofOi I j~~ 
componcnt of Oi I 

7, componcnt of Oi I 
whcrc 

JR, = ;I 3 x 3  matrix of  dircction cosincs 
0 = il 1x3 vector o f  zcros. 

'I'hus i n  [criiis o f  tlic fixcd incrrial coordinatcs of tllc basc thc position o f a  point on link i is givcri a s  

( 2 )  
whcrc tlic spcciitl cast of \Vi = \Vi. It  is useful to scparatc tlic transformations duc i o  thc joint from thc 
1ransftrrin;tiioii duc to tlic llcxiblc link as follows 

h, = 0 \Vi 'hi = W. 'h. 
I 1  

0 

whcrc 
A.  = tlic joint tr;iiisforinntiori matrix Tor joint j 

J b:.-, = tlic l ink  transformation matrix for l ink j-1 betwccn joints j;l arid j 
\$I. = tlic cumulativc triinsformation from basc coordiliatcs to 0. at tlic distal end of link j. 

J- 1 J'1 

* * A  Gj-] is fixcd to the link j-1 and with n o  dcflcction [ x y 7.1. is parallcl to [x y 7.1. with x .  coiucidcnt with 
J- I J' 1 J'1 

x j-1. 

'1'0 incorporatc tlic dcflcction of thc l ink ,  thc approach of inodal analysis is uscd which is valid for small 
dcflcction of the link. 

where 
x... y... z.. = thc xi ,  yi. and Y . ~  displaccmcnt cornponcnts of modc j of l i n k  i's dcflcction, rcspcctivcly. 
6:. = ihc timc varying ;tinplitudc of modc j of link i 
mi = tlic numbcr of modcs uscd to dcscribc tlic dcflcction of link i. 

'I'lic link (ransfi)rmation matrix must also incorporatc tlic dcflcction of thc link. tlcrc tlic rotations 3s well as 
thc tririisla~ioiis of  thc dcflcction must bc rcprcscntcd. If onc coiisistcntly rcquircs small rotations tlic 
dircction cosinc matrix siinplifics as notcd in [9] and filrtlicrmorc thc small nnglcs can bc assumcd to add 
vcctoi'ally. 'I'liis is basic to tlic approach uscd licrc. 'l'hc l ink  ti'ansforination ITliltrix can tlicn bc writtcn as 

11 IJ IJ 

'J 

m. 

K, = [ )Ii + 8. .  M.. ] 
IJ U 

jl= 1 



4 

whcrc 

H.  = 

n.1.. = 
IJ 

and whcrc 

: I  1 

[ ; i  0 1 

0 0 1 0  
0 0 0  

r o  0 0 0  

All v;iriablcs i n  brackets arc cvaluatcd at Ii  
8 .., 8 . . 8 .. = thc x.. y., and 7.. rotation componcnts of l ink i, rcspcctivcly. 
1; = tlic Icngth of l i n k  I .  

XJJ  \ I t  /I] 1 . ’  I 

‘1’0 find dic vclocity of a point 011 link i, takc the timc dcrivativc of thc position: 

Iluc to thc scrial naturc of thc kincmatic chain. it is computationally cfficicnt to rclntc thc position of a point 
and its dcrivativcs to prccccding mcmbcrs i n  thc cliain. l3y diffcrcntiating 2 onc obtains: 

6. = 6’. A. + 6. A 
J ~ - 1  J 1-1 j 

% j = W .  ~ - 1  A j + 2 & .  1-1 A j +*. 1-1 j 
whcrc 

A. = U . q .  
J J J  

‘ 2  Aj = UZjqj + U.q. J J  

u, = ai\./aq. 

uy = a2Aj/a$ 

J J  

q.  = thc joint variablc ofjoint j. 
J 

‘I’hus iYJ and iVj C i i n  bc computcd rccursivcly from Gj-,, its dcrivativcs, and thc partials with rcspcct to 
thc \.ii~.i:ihlc~ of l i n k  j-1 and joint j. N o  mixcd partials arc cxplicitly prcsent. ’l‘his computational approach is 
similar to that proposcd by I-Iollcrb;ich [I51 for rigid l i n k  arms. Hcrc onc additionally nccds W. and its 
dcrivativcs. ‘l’hcsc can bc computcd rccursivcly from W. and its dcrivativcs: 

J- 1 

1-1 

A 

wj = w. J J  E. (13) 
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I\'. = w. E:. + w. K. 
1 1 1  J J  

1 J J  J J  J J  
& = iil. E: + 2 M'. i:.+ w. E. 

m. 
J 

kj = ijk Mjk 
k =  I 

ni. 
J 

'l'hc last two cquirtions illustrate h o w  the dcflcction tr:\nsformations cntcr cvcn inorc siinply into thc 
kincmatics on ;t per variablc lmis  than do tlic joint variables. 'I'his is due t o  rhc small dcflcction ;~ssumption 
and thc Torin chosen for thc transformation. 'l'hc rccursivc nature of the vclocily and accclcration is prcscrvcd 
from the rigid c ; ~ .  I;or the simulation cquations thc tcrms involving sccond dcrivativcs o f  the joint and 
deflection \.iiriablcs will be scpariitcd from thc above cxprcssions and included i n  thc incrtia iiiatrix to makc 
up the cocf'ficicnt matrix of thc dcrivativcs of tlic StiItc variablcs. 'I'hc "invcrsc dynamics" solution that 
proceeds directly from thc I .agrangc forinulation has little obvious utility. 

3. System Kinetic Energy 
In  this section thc cxprcssion for thc systcin kinetic cncrgy is dcvclopcd for trsc in I .agriingc's equations. 

C:irst, the kiiictic cncrgy for a differcntial clcincnt is written. 'l'hcn, intcgr;rtion of  this dilrcrential kinctic 
cncrgp over tlic l i n k  gives thc link's total contribution. *l'his prodirccs 1crins that arc tlic cqirivalcnt of tlic 
momcnt o f  illcrtia matriccs of rigid link arms. Summation ovcr all tlic links provides the total kinetic cncrgy. 

'l'hc kinciic cncrgy o f  a point on tlic i-th link is 

dk, = I d m  -l 'I'r { iii h: } 
L 

whcrc 
din is tlic differential mass of thc point and 
'Fr{ .] is thc trscc opcrator. 

Expanding'l8 and using the fact that l'r{A li"] = Tr{ 1% A'1}> thc cxprcssion for dki bccotncs 

whcrc 
mi . .  

' h i =  2 IJ 
~ . . [ O X . . ~ . , Z . . ] ' ~ ,  IJ U IJ 

j =  1 
I3y integrating ovcr thc l i n k  onc can obtain thc total l i n k  kinetic cncrgy. I n  this report it is assumcd that thc 
links arc slcndcr bcams bccaiisc it makes the central dcvclopmcnt clcarcr. Othcr niass distribirtions could bc 
used with a slight dcpilrttlrc hcrc in thc dcvclopmcnt. For slcndcr bcams dm = p dq and oiic can intcgratc 
ovcr 1) from 0 to I,. Only Lhc tcrms in ihi and its dcrivativcs arc functions of q for this link. Thus tlic 
intcgration can bc pcrhnncd without knowlcdgc of W, and its dcrivativc. Stiintning ovcr :ill 11 links onc finds 
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thc systcrn kinetic cncrgy to be 

1. 

K =  e J '  dk, 
i = l  0 

n 

whcrc 
n - 1  

= __L ] p 'hi 'h;dq. 
2 0  

Ily intcrchaiiging thc intcption in 23 and thc sulnrnations involvcd in liic dcfinition of 'iii in 20 onc obtains 
m. m. 

j = 1  k=l 
H l i  = 2 2 i, ii, Cikj (24) 

whcrc 
1. 

C: . has units of :in incrtia matrix and scrvcs a similar function. Wliilc shown hcrc as ;I 4x4 rniitrix it is 
nonzero on ly  i n  thc 3x3 (lowcr right). It can also bc shown that C. . = dk. Ily choosing thc iissunwd tnodc 
shapcs in :in appropriittc inanncr, it is possible to rcducc thc number of nonzcro tcnns in 24. 'l'his matter is 
discusscd in light o f  computational spccd in thc conclusions. 

Ikl  

I kl 

'I'hc other tcfns in cquation 22 can similarly bc found: 

n,i = 1 J ' p 'h/hy dq 
2 0  

m: m, 

whcrc ,, 
n l  

c.. = r / p [I q 0 01" [0 x.. y.. z..] d?. u U U 11 
2 0  

Finally, by a sirnily approach: 
PI 

in m. m. 

wlicrc 
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1. 
I 

c, = _L J ? looj l j i  7700]dg. 
2 0  

'l'his final tcrm contains tlic rigid body incrtia tcrms. 

It  shoirld bc iiotcd that thesc terms arc casily siinplificd if onc link in thc systcm is to bc considcrcd 
rigid. i n  which ini = 0. Sliould a l ink  consist of a flcxiblc incmbcr with rigid appcndagcs tlic abovc dcrivntion 
is rcadily cxtcridcd to modify thc niatriccs C. .. C:. , and c', with no furthcr nioditiciitioiis to thc succccding 
dcvclopnicnt. In fiict. tlicsc niatriccs could bc obtnincd by liiiitc clcmcnt ;rnal>sis should rlic l i n k  sliapc bc 
irrcgulirr as is oticn tlic c;isc. Furthcrniorc, thc cxprcssion for contilitis a tcrtn 01' orcicr 6 which is by 
dcfinition sniall and ;I candidiitc for Iirtcr clirninarion. l.'iiiiilly, much of tlic coinnplcxity of tlic intcgration of 
Ihc niodiil sli;q)c producls ciiti bc donc offlino. oncc. for ;I givcn l i n k  structurc. 

i k j  ik 

2 

3.1. Derivatives of Kinetic Energy 
b'or construction of I .aglangc's cquations onc nccds 

d d 
J f '  dt dt 

aK as,, a~ as. - ( aK a i j  ) .  :tl+-- ( aK ahj,) 

First considcr aK / aq,. 'I'his will iiivolvc thc partials of all thc tcrms in 22. somc of which arc m o .  In 
'I'hc titnc dcrivativc of tlic pattiiil is fiict. only \Vi for j 5 i 5 i i  providcs n o n m o  partials with rcspcct to q.  

1' 
tlicn Lakcn. I n  this rcspcct tlic following cquivalcnccs should bc notcd: 

d 

dt - ( a w ,  a i j  ) = aivi as j  

aiv, ai,,= aw,  asjf (33) 

d 
d t  
- ( a w i  a i j r )  = aw,  asj,. (34) 

Also hclpful in simplifying thc result is that. l'r(A) = Tr{AT} for any square matrix A and that H,, is 
symmctric. Considcrablc canccllation and combination rcsults whcn tlic tcrms in I.agrangc's cquation 
involving tlic kinctic cncrgy arc combincd. 'I'hc rcsult of this combination is 

d 
dt 
- (  a K / a i j ) - a K / a q j =  

+ [ 2 8ik ( c,, + 2 ai, Cilk )] w?. 1 + [ 2 2 hjk(Cik+ 2 a,, C,J]  WTJ} I 

k = l  I =  1 k = l  I =  1 (35) 



8 

Notc above tcrms of thc fi)nii Si, Si, which arc sccond ordcr. 'L'licsc can bc ignorcd consistcnt with thc 
iissuniption that thc dcflcctions arc smiill. Noting tlic rccurrancc of ccrtain tcrtiis abovc. it is convcnicnt to 
dc fi tic tlic following: 

"i 

Di, = Cik + 

Gi = Ci + 

Si, CiIk 
I =  1 

m i  

k = l  
Si, ( c, + <!k ). 

Whcii thcsc definitions arc substitutcd i n t o  cquation 35 onc obtains: 

d 
- ( a~ I a i j )  - a K / aqj = 
dt 

(36) 

(37) 

'I'hc partids of K,  with rcspcct to 6. and 6. arc considerably inorc complex duc to tlic fhct that H I i ,  HZi. 
a i d  HJi arc functions o f  the deflection vnriablcs. 'I'hc tcchniqucs of simplification arc similar. A n  additional 
simplificaiion a r k s  duc to the fact that if A wcrc any antisymnlctric matrix, and if W wcrc a matrix 
conipatiblc for r~illlliplicatiol~, thcn Tr{ W A Mi" 1 = 0. A n  antisymmctric matrix occt1rs from tlic diffcrcncc 
of  a matrix and its transposc. 

Jf  Jr 

4. System Potential Energy 
'l'lie potcntial cncrgy of tlic systcin ariscs from two sourccs: clastic dcfortnrl~ion and gravity. In both 

c;iscs they arc includcd by first writing tlic potcntial cncrgy contribution of a differential clcrnciit, intcgrating 
ovcr the length of  thc l ink ,  and Lhcn summing ovcr all links. 

4.1. Elastic Potential Energy 
Consider ;I point on thc i-tli l i n k  undcrgoing small dcflcctions. First restrict tlic l i n k  of thc slcndcr 

bcaiii typc. 'I'hc clastic potcntid is accountcd for to a good approximation by bcnding about the trar?svcrsc yi 
and zi axes and twisting about ~ l i c  longitudinal x i  axis. Compression is not initially includcd sincc it is 
gcncriilly much smallcr. Along an incrcmcntal Icngtli dq thc clastic potcntial is 
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whcre 
d x l .  dYI,  ynd O r ,  arc tlic rotntions of thc ncutral axis of thc bcam at thc point q in thc xi. y,, and z, 

dirccrions. rcspcctivcly. Sincc dcflcctions arc small, thcsc directions arc csscntially piiriillcl o r  
p c ~ - p ~ ~ i d ~ ~ u l i i r  to the ncuml axis of thc bciim. 

F, L- Young's modulus of clasticity of thc matcrial 

G = 'I'hc shcrir modulus of thc material 

I x  = 'I'hc polar m a  momcnt of inertia o f  thc l i n k  cross scction about tlic ncutral axis. 

l y ,  l 7  = thc arca riiomcnt of incrtiii of thc link cross scction about tlic yi and xi axes, rcspcctivcly. 

With a truncatcd niodal approximation for thc beam dcfonniition tlic anglcs Bxi, 8,i, i\nd Ori arc 
rcprcscntcd as summations of modal cocffkicnts timcs thc dcflcction vnriirblcs. '1'11~ x rotation, for cxamplc is 

mi  

'xi = 'ik'xik. (41) 
k = l  

whcrc Blik  is thc anglc iibout thc x i  axis corrcsponding to thc k-th modc of link i at thc point 7. Wlicn dvci is 
intcgratcd ovcr thc l i n k  tlic intc'gratioil ciin be tlikcn insidc thc modal summations of cquation 41 and its 
corrcsponding y and x componcnts. 'I'hc following dcfinitions thcn provc iiscful: 

whcre 

K .  x ik l  = ii 
0 

I .  

K .  yikl  = J '  
0 

K .  n k l  = ii 
0 

(43) 

(44) 

(45) 

Notc thi~t K i k l  = K i l k  and that for ccrtain spccial cascs tlic orthorgonality o f  tlic modal fiinctions can 
climinatc many of tlic tcrms in cquntions 43, 44, and 45. 'I'hc Cliistic potential for thc total systcm, Vc can thcn 
bc writtcn as 

n in: m, 



Notc Lliat thc Ve is indcpcndcnt of qi, thc joint variables. 

i3V - = 0. 
aqj 

For dcflcction variablcs 

(47) 

'Ihc form of  cqtmion 48 is imlcli niorc gcncral than tlic initial assumpiions ~ ~ i i ~ d c  rcgarding thc contributions 
to rhc clastic potc-'nli;il cncrgy would allow. Conipr-cscion strain cncrgy, iiIid l i n k  fiiritis othcr 1li;in bcarns can 
bc rcprcscntcd in this form. 'l'lic valucs of thc coclricicnts K.  can bc dctcnnincd analylically or numcricnlly, 
cg. b y  finite clcnicnt incthods. 

JkT 

4.2. Gravity Potential Energy 
For ;I diffcrcntial clcmcnt on tlic i-th l i n k  of Icngth dq tlic gravity potcntial is 

wlicrc thc gravity vcclor g has thc form 

Whcn intcgratcd ovcr thc lcngth of thc beam and summcd ovcr all bcams, tlic gravity potcntial bccorncs 
i" = l o  6, gv g7, 1 

n 

i =  1 
whcrc 

m; 

ri = Mi rri + 2 'ik 'ik 
k = l  

Ail, = tlic total mass of link i 
rri = [ I rxi 0 0 1. a vcctor to tlic ccntcr of gravity 

fro111 joint i (u  ndc fonncd) 

'ik - J  - I-L IO xik yik r.ik j1 dlt . 
0 

Notc that eik is found in thc top row of Cik. It is thc distancc from thc undcforincd ccntcr of gravity to tlic 
ccntcr of gravity whcn all 6 arc %cro cxccpt ai, , which is otic. 'I'hc total distancc to the ccntcr of gravity from 
Oi (joint i) is ~nultiplicd by tlic iniiss to give ri. 

Upon taking tlic partial dcrivativcs rcquircd by Ingrangc's cquations wc find for thc joint variiblcs 



1 1  

n av a w. R =  -i'. C I r . .  
a qj i = j  asj ' 

For thc dcflcction variablcs, for 1 j 5 n-1 

Forj  = n 

(53 )  

(54) 

( 5 5 )  

5. Lagrange's Equations in Simulation Form 
A t  this Jtinclurc the coniponcnts o f  thc complctc equations of motion in 1 itgrange's fi)rmiilntion, cxccpt 

for tlic cxtcrnal forcing tcrms. liavc bccn cvaluatcd in  cquntions 38, 47, and 53 for the joint cqiiittions; and in 
cquaiions 39, 48. 54 and 55 for dcflcction cquations. 'I'lic cxtcrnal forcing tcnns arc tlic gcncralizcd forccs 
corr-csponding to  thc gclicritli/.cd coordinates: thc joint and dcflcction voriablcs in this ciisc. 'l'hc gcncrnlizcd 
forcc corresponding io joint vxiablc qi is thc joint torquc Fi. For the dcflcction variahlcs tlic corrcspoiiding 
gcncr;ili/.cd force will be mu i f  the corrcsponding mcldiii dcflcctions o r  rotations h;iw n o  displaccmcnt ;it 
thosc locations whcrc cxtcrnal forccs ilrc applicd. 'I'hus it is assumcd Tor thc prcscnt dcvclopmcnt that tlic 
modirl fiinctioris ;ifc sclcctcd so that is Lhc cxc.  'I'his is convcnicnt for using thc rcsiilts ;is wcll. 1\11 Iiiotion at  
thc joint is dcscribcd in terms of thc joint vijriablc. (lliis is not tnic i n  thc approach takcn by Sunnda :ind 
1)ubowski [31].) 'l'hc form o f  1 .agrangc's cquations will thcn bc: 

'I'lic ioint cuudion j 

'I'hc dcflcction cauation j,f 

d av av 
- ( a w a i , ,  ) - aimsjr + 2 + 2 = o . 
dt asjf aajr (57) . . I licsc cqitntions arc in tlic "invcrsc dynnmic" form. '1'0 convert thcm to thc simulatioii form onc niust cxtract 

tlic cocfticicnts of the sccond dcrivativcs of thc gcncritlilcd coordinatcs to coinposc an inertia matrix for thc 
systcm. 'I'hc sccond and first dcrivativcs togcthcr makc up thc dcrivativc of the statc vcctor. which can bc 
uscd in onc of tlic ir~ail,lhlc intcgration xhcmcs, c.g. Itungn-Kutta, to solvc for thc stiitc ;IS ;I function of time 
for givcn initial conditions and inputs Fi. 

5.1. Kinematics Revisited 

joint variitblcs and detlcction variables froin thc cxprcssions for Wi and 6.. 
dcrivativcs arc already explicit in thc fomiulation as it exists. 

'I'lic purpose of  this scction will bc to cxtcnd thc kinematics to scparntc thc sccond dcrivativcs of thc 
Othcr occurrcnccs of tllcsc 

A 

First considcr tlic product of transformations which niakc up Wi and two altcrnativc ways of cxprcssing 
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it. 

h 

Wi = A \  E:, A 2  E2 ... A, E, ... Ai Ki 

= kll-l A, qi 
= w, K, ,<Vi 

c. dri . ying through thc dcrivativcs otic obtains 

For thc corresponding cxprcssion for Wi writc 

W. = A , b:, A, I$ ... A, E, ... $ ,  Ai 

= <V,-, A, 'E, 
= w, K,hWi. 

h = 1 h = l  k = l  

'I'hc valuc of 
and iki by only cliniinating terms involving q. and $. 

and wVi can bc calculatcd rccursivcly as shown in  cquations 15 and 10. rcspcctivcly. for \.iii 
'I'hc rcsult is 

J Jk' 

5.2. inertia Coefficients 
'1'0 obtitin UIC incrtia cocfficicntq that multiply thc sccond dcrikativcs. stibstitutc cquations 63 and 

60 into thc rc1cv;int parts of thc cquations of niotion, cquations 38 and 39, rcspccrivcly. Collccting thc tcrms 
and arranging thcin for cfficicnt computation rcquircs thc stcps outlined in this scction. 

5.2.1. Inertia Coefficients of Joint Variables in the Joint Equations 

double summalion ovcr thc indiccs i and 11 exists. lntcrchangc tlic ordcr of thc summation as Follows: 
All occur;inccs of q .  in cquation 38 arc in thc cxprcssion for i?:'. Wlicn tlicsc tcrms arc isolatcd. a 

J 

n i n n c c = x  c .  
i = j  h = l  h = l  i=max(h,j) 

'I'hc rcsulting cocfficicnt for joint variable q, in  thc joint cquation j is 
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whcrc 
n 

i = max(li, j) 
Note that if onc cxchangcs j and h ;itid trnnsposcs insidc thc tracc operation ;in idcnlicnl expression is 
obtained. 'I'his indicates the symmetry of thc incrtia matrix which is uscd to  rcducc the nunibcr of 
compiii;\tions rcqiiircd. 'I'hc cxprcssion for JF, can bc computcd rccursivcly: this will be dcccrihcd htcr to 
further improve thc cflicicncy of c;ilcul;ition. 

5.2.2. Inertia Coefficients of the Deflection Variables in the Joint Equations 
'Ilic dcflcction vai.iablcs irppcar both in the expression Tor %':' atid explicitly i n  cquation 38. 

substituting i $ y '  into cquation 35, collcct tcrms in 8 .  and exchange ihc ordcr of summations ;is follows 
J f  

Aftcr 

n i -1  11- 1 n c c = c  c 
i = j  h = l  h = 1  i=max(h+l , j )  

'l'hc rcsulting cocfficicnt o f  6,, in joint cquation j is Jjhk. 'I'hc tcrms to bc includcd dcpcnd on thc rclativc 
valucs o f j  and h. 'I'hc fi)llowing hold fiir 1 2 k 5 m,,. 
For h = n,  j = 1 ... 11: 

forh .L= j ... n-I, j = 1 ... n-1: 

for h = 1 ... j-1. j = 2 ... n: 

whcrc for h = 1 ... n - l , j  = 1 ... n: 
n 

i=max(h+l,  j) 

It can bc shown that thc incrtia cocfficicnt for thc dcflcction vnrinblc 6,, in thc joint cquation j is thc 
same i\S thc cocfficicnt f o r  thc joint variablc qj in thc dcflcction cquation h,k. 'I'his fitrtlicr cxtciids the 
symmetry of thc incrtin matrix and rcduccs thc ncccssary computation; 

5.2.3. Inertia Coefficients of the Deflection Variables in the Deflection Equation 
In n manncr similar to thc prcvious two typcs of cocfficicnts, thc incrtia cocflicicnts of the dcflcction 

variablcs i n  thc dcflcctioti cquations arc cvaluatcd. Syrnmctry of thc rocfficicnts can I x  shown such h i t  thc 
cocfficicnt of variablc h , k  in cquntion j.f is thc same as thc cocfficicnt of  variablc j,f in cquntion 1i.k. 
Substituting cquation 63 into cquation 39, isolating thc sccond dcrivativcs of the dcflcction variitblcs. and 
intcrclianging thc ordcr of summations cnnblcs the incrtia cocfficicnts to bc idcntificd. I:urihcr simplification 
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is bascd on thc identity that, for any thrcc square inatricics A, 1% and C 

\-*iirthcnnorc thc rotation matriccs in thc transfo~mation matriccs arc orthogoiid so that N i  l < y ~  = I ,  a 3x3 
identity matrix. 'I'his coup l~d  with chc x r o  first row and column of C. rcsults in  an cspccii1lly simplc fbim 
li)r two of tlic four  c;iscs. 'I'lic following hold for 1 k 5 m,, and 1 5 f 5 in.. J 
For j = h = 11: 

I ' r (  A t i  C} = 'I'r{C A I{} = 'Vr{ tl C A ) .  

Jkf 

For j = h = 1 ... n- 1: 

For h = 11: j = 1 ... n-1 

Forj = 1 ... 11-1: 11 = j +  1 ... 11-1: 
'Jlhk = 2 Tr{ yc + Mh,+ Jw, I )J  w;f} . 

'I'crms in thc sbovc dctincd for j = 1 ... n-1: h = 1 ... n-1 arc: 

11 

'Oh = c J\yi Gi hW;'. 

i=max(j+l, h + l )  

5.2.4. Recursions in the  Calculation of the  Inertia Coefficients 
Sincc thc incrtia matrix is a squarc matrix it rcquircs tlic calculation of n! tcnns whcrc 11, is thc total 

numbcr of \nriablcs: 
n 

1 I 

n t = n +  E mi 
i =  1 

'Ihc fact that tlic matrix is syminctrical rcduccs thc numbcr of distinct tcrms to n,(n,+ 1)/2, which still has a 
sccond powcr dcpcndcncc. 'I'hus while the invcrsc dynamics computation complcxity c a n  bc mndc lincar in 
nl, simulation rcquircs thc incrtia matrix with complcxity dcpcndcnt 011 n:. Sincc n, can bc qiritc Inrgc for 
practical arms it is important to rcducc thc cocfficicnt of thc squarcd tcrm ;is niuch as possiblc. I h c  to thcir 
short or cvcn 7cro Icngth. it is possiblc for soinc links to  bc csscntially rigid. Anthropomorphic arms, for 
cxamplc, liavc two links which arc miich longcr tlian thc othcrs and tcnd to cloniinatc thc compliancc. Many 
of thc tcrms dcrivcd abovc m y  not bc nccdcd for tlicsc links, four of thc six links i n  thc .intliropc)inor.phic 
cxamplc. A n y  rcclrrsivc schcmc for calculating thc tcrins in thc cquations should not rcquirc thcsc 
calculations ;IS ;I mcans to gct to nccdcd tcrms. 

Considcr thc calculation of cquations 67, 71, and 76. Scvcral rccursivc schcmcs could bc mangcd for 
thc cfficicnt c~ilculation of tlicsc quantities. I'quation 71 is o n l y  nccdcd if tlic link corrcsponding to thc 
variablc. l i n k  11, is flcxiblc. 'I'Iiat is, if mh > 0. 1;quation 76 is o n l y  nccdcd if bot11 thc l i n k  of tlic viiriablc and 
thc l i n k  of tlic equation, l i n k  j, is also flcxiblc. 'I'hiis wc proposc thc following rccursivc schcinc for 
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calculating JFh,JF,, a n d h h .  'I'hc following hold for 1 5 k 5 m,; 1 5 f 
I n i I i 31 i za ti o n : 

m. J '  

nF = cn. 

For j = h: 
'Fh = C;, + h -  Fh+ I ( tCj Aj+ I )'r. 

If in,, > 0 c, 'i 1 culatc: 

iF  = Jk:+l A:. 

If inh > 0 and in. > 0 calculate: 

JQh = A j +  I jF,. 

J 

(77) 

(78) 

5.3. Assembly of Final Simulation Equations 
'I'hc complctc sirnulation cquations havc now bccn dcrivcd. It rcmains to irsscmblc thcm i n  f i n i l l  form 

and to  point out somc remaining rccursion rclations that can bc uscd to rcducc tlic numbcr of' calcltlations. 
'I'hc sccond dcrivativcs of thc joint and dcflcction variablcs arc dcsircd on thc "lcft hand sidc" of tlic cquation 
as unknowns and thc rcmaining dynamic cffects and thc inputs arc dcsircd on thc "right hand sidc." '1'0 carry 
out  this prtxcss coinplctcly onc would take thc invcrsc of thc incrtia matrix J and prctniiltiply thc vcctor of 
othcr dynamic cffccts. 'I'his invcrsc can only be cvaluatcd numcrically bccnusc of its camplcxity. 'I'hus for the 
prcscnt purposcs rhc cquations will be considcrcd complcte in thc following form: 

whcrc 

.I = lncrtia matrix consisting of coefficicnt5 prcviously dcfincd in thc ordcr for multiplication 
;rppropriatc for z 

z = thc vcctor of gcncralizcd coordinatcs 
a ... q, a,, ... a,, ... 6 ... a,, j1 

hmh n 
= Is, 61, 61, ... aim* 42 621"' Lrn2 

q, = thc joint wriablc of thc 11-tli joint 

6,, = tlic dcflcction variablc (amplitudc) of thc k-thmodc of l ink h 

R = vcctor of rcmaining dynamics and cxtcrnal forcing tcrms 
= [R, itll itl2 ... itlml it2 it,, ... R ~ ~ ~ . . .  it. K. ... I< j f . . .  K. ... it ]' J J 1  Jmj nm,, 
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I < .  = dynamics fiom thc joint equation j (equation 5 6 )  cxcliiding sccond dcrivativcs of thc 
J 

gcnc rnl izcd coordi nntcs 

I< .  = dynamics from thc deflection cquation jf (cquntion 57) cxcluding sccond dcrivativcs ofthc 
gcnccrl izcd coordina tcs If  

'I'hc clcmcnts of  .I haw just bccn formulated and c m  bc arrangcd to forni tlic proper cqtrations in thc ordcr 
dcscribcd abovc. 'l'his ordcr has bccn sclcclcd bccausc ii rcsulis in thc syini!ictrical a p p w x i c c  of J .  'l'hc 
clcmcnts of It liavc no( bccn explicitly givcn with thc sccond dcrivativcs rcniovcci. 'l'hcsc ;ire givcn below 
wi th  sonic iwiirsions (o fki1it;itc their computation. 

k = l  k = l  

whcrc 
'*" vn = Gn WZn+ 2 ( c link I)"J w; 
k=l 

Qj = Gj W:; + 2 ( 2 ij, Djk) WT + Ej Aj+ Qj+l 
k=l 
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6 .  Conclusions 
'l'hc abovc tnodcl is succcssful i n  tcnns of its accuracy and its syccd. 'I'hc t w o  qualities nrc sonicwhat 

rcliitcd in that accuracy of thc flcxiblc rcprcscntation can bc itnprovcd b y  incrciisitig thc number- of tnodcs 
irscd to represent thc l i n k  dcflcction at tlic cxpcnsc of calculation timc. 'I'hc issue is litrthcr coinp1ic:itcd by 
thc choicc of modc sliapcs. range of motion considcrcd. and thc a r m  configuration. Furthcrtnoi'c. limited 
informition is irvailablc i n  the litcraturc for comparison. A sitnplc coinparison has bccii used i i i  thc past and 
can hc pcrfor-mcd for calculation complcxity. Hollcrbach [ I  51 compnrcs scvcral iipproachcs to thc invcrsc 
dynrtmics problcrn ol'rigid arms by diffcrcnt ;iuthors. Walker ( 3 3 )  sivcs ;I similar count for four approachcs to 
thc simulation problcrn. Sunirda 13 11 has g i i u  cornpiitiitioti tirncs fiir n givcti niaiiipiil:itor. tr:ijcctory. and 
computcr f i ~ r  his flcxiblc simul;ttion. Coinparison to llic calct~littio11 counts o f  rigid modcls itre givcri for a 
rough coinparison o f  spccds in this scction. No attcmpt at a quatititativc comparison of thc accurxy is imdc. 

'1.0 dctcrniinc tlic nuiiibct- of calculalions froin tlic cquations. ;I choicc must bc made o i i  how soinc 
matrix products arc iniplcmcntcd. 1 Iollcrhach chow tu usc thc mosl straig1itforw;ii.d itrip1cincnt;itioti of thc 
equatiotis. 'I'hc iipproach here is quitc diffcrcnr. Obvious simplificntions in  the iiiit1tiplic:ition of mairiccs 
wi th  known constant rows. tlic top row of a transformation metrix for cxamplc, arc assumcd i n  thcsc 
compuiations. 'l'hc 4x4 matrix Iransfortnatioii was choscn for its conccptu;il convcnicncc and thc c;ilctiliition 
count will not bc intcntioniilly pcniilizcd for that choicc. Fitrthcrinorc, ccrtain products appcar iii initltiplc 
cquntions iind ,iic . crssiimcd .. to bc savcd whcn nccdcd latcr. Spccial purposc nittitiply routiiics arc itscd 
whcncvcr they ciin ciipitali/.c 0 1 1  thc spccial structurc of a givcii inatrix. Finitlly, in thc sirnul;itioii form tlic 
calculatioiis nccdcd to invert tlic incriiii matrix arc not includcd. and n o  consideration is given to thc 
calcitl:itions of thc integration routinc. 'I'lic gcncral, form of thc modal paramctcrs iirc uscd howcvcr. 'Ihis 
rcsulu in all conibinations of modcs h and k in the matrix Cihk to bc coinputcd ;uid used ;ind Iicncc introduccs 
a squared dcpendcncc o n  the nirnibcr of modcs on euch incrtial cocfficicnt of thc dcflcction varinblcs. With 
thcsc assumptions the number of calculntions is approximatc: 

Nutnbcr Lf multidications: 

6 n: i n 2  + 17.5 nf m2 + 118 n: m + 74 n nf m + 
137.5 nf m + 84 n2 + 86 n nf + 279 n +  126 nf - 57 
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Nuinbcr of d d i  tions: 

6.5 nf in2 + 19 n r m 2  + 115.5 nf m +  68 t i  nfm + 
123 nrm + 85 n2 + 80 t i  n f  + 329 n +  111 t i r -  91 

whcrc: t i  = total numbcr ofjoints 
nr = numbcr of flcxiblc links 
i n  = numbcr of inodcs dcscribing cadi flcxiblc l ink 

'I'hc ;ibovc iipproximiition iiSStttncS an "avcragc" joint complexity ovcr two coinmon typcs of  rotary joints, thc 
siitnc nuinhcr of inodcs on cach flcxiblc l i n k .  a rigid last link and a flcxiblc first l ink .  

If ilSStlt11cd modc shiipcs arc rcsrrictcd so that thc sliapc functions in thc x, y, and 7 dircctions arc 
ortliogonnl, only < I i k k  will bc non-zcro. 'Illis is a stronger rcquircmcnt than the orthogonality o f  thc sct of 
complctc rnodc shilpcs. but would oftcn bc rcitli;l.cd with simplc modc shiipcs. I t  has not hccn dctcrmincd if 
this would improvc thc combination of spccd and accuracy. 

'l'his cnlculation count can bc roughly compared to rigid link rcsults availablc in thc litcriiturc 
mcntioncd ahovc. For a 12 dcgrcc o f  frccdom rigid problcm rhc invcrsc 3x3 trirnsti)rtii;~tit)n matrix 
formulation rcquircs 2.66 limes as many multiplics as thc Newton-Eulcr rormulation. Walkcr's mcthod 3 (Iiis 
bcst) for simiilntion rsquircs 4,491 niultiplics. For 6 joints, and two flcxiblc links with 3 modcs c x h  Llic 
mcthod of this papcr rcqiiircs approximalcly 12,009 multiplics. 'I'hc ratio o f  ihcsc simulation mcthods is 2.67, 
almost cxactly the samc as for thc invcrsc dynamic mcthods with the s m c  numbcr of dcgrccs of frccdom. A 
modal rcprcscntation of flcxibility would bc much morc accuratc than iidditlg 6 imaginary joints to rcprcscnt 
complimcc, but onc could cxpcct to usc 15 imaginary joints and 6 rcal joints with Walkcr's method with 
fcwcr multiplies than with thc inctliod of this paper. 

'Ihus it sccms that in ordcr to bc compctitivc with possiblc Ncwton-Eulcr, non-transfcr matrix 
approachcs. thc simplification of thc assumed modc shapcs will havc to bc madc. It is not clcar that thc 
conccptual convcnicncc of thc transformation matrix approach can bc justificd rclativc to vcctor dyadic 
approachcs of Hughcs [17] and I.ikins [28). Unfortunately. computation counts arc not availablc for that 
work. 
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