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Notation: 

2 

0 'I'he vector sign ( ) indicates a tlirce dimensional spatial vector. 

e An unticiiw 1)c 'n~d t l i  a qmbol  indicates an "ann wctcr" which has onc componcn! for c x h  joint 
i n  ths m n .  Fw ciainplc, @ i. equal to ( 61,01,...,/3x ) when there are N joints in the ann. 

u Subscripts indicatc oiie of two things: 

1 ,  The coordinate frame in  which the symbol is refcrcnccd and the framc to which the symbol 
rcfcrs. 

2. 'The joint riunibcr that is referred to by the symbol. 

'Tiic t jpc of symbol will determine whether the subscript is a link cc;ordinatc frame or a joint 
n m b x .  For cxaniplc, $, is thc angular velociiy of link i in the link i coordinate 5ystcm and di is 
thc position of joint i. 

A 

e A hat on a symbol ( ) indicates a constant. 

e A sLir 5l:t)crscript ( * ) indicatcs a value relatcd to Lhc center of mass. Other values are rclatcd to 
thc I!n k coordinate frame. 

o A dot and a doublc dot over a variable ( and ) indicate first and second time derivativcs 
rcspccrivcly . 

e AI? .2 with :I supcrscript and a subscript rcprcsents a trmsformation matrix from the supcrscripted 
coordinate sqctcin to the subscripted coordinate system; so A: w2 is the angular velocity of the link 
2 coordiriatc origin in link 1 coordinates. ' 

o Iloldfaccd icitcrs represent matrices or tensors, so J is a ~norncnt of inertia tensor. 

Natc that 2 refcrencc to the vclocity or acceleration of a link actua!ly refers to ~e \relocity or acccleration of 
thc li!ik's coonlinat: system origin.. 





Abstract 

The ability to mathematically model the movement of a robot manipulator is a prerequisite to the undcrstanding of 
the key factors that influence a manipulator’s performance. This paper presents a manipulator modcl which has 
been uscd to simulate and control a real robot arm. A method of describing the arm by its rotational characteristics, 
a sct of equations called the Inverse Arm, and an algorithm called Forward Arm are prcscnted. Thc Forward Arm 
simulatcs the movcment of an arm, and the Inverse Arm provides a means of computing thc corrcct voltages to 
apply to an arm to achieve a desired movement. 
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Introduction 
[\ mathematical model of a physical sysrcm, such as a robot msnipulator(arm), is one of thc most uscful 

tools ;r\ailablc for studying thc system's behavior. 'fhc model. usually in the form of a compiiter program, can 
bc used to study the system in several ways. l h e  dcvclopmcnt of an accurate modcl lcads to a full 
understailding of all of the key elcmcnts of the system. Thc model provides a means of tcsting the system 
under conditions that woald be dmgcrous o r  impossible for the rcal system. 1,argcr sysrcms that contain the 
modclcd systcm can be tcstcd with thc modcl instcad of the rcal system. 

As part of the Carnegic-Mcllon University Direct-Drive Manipulator Project CCMU 1111 Arm Project) we 
have dc\dopcd R niathcmatical inodd of the manipulator. The madicrnatical cquations are based on a 
Ncwton-Eider analysis of frce-body dynamics developed for robotic manipulators. [SI [ll] 

This paper describes the structure of the modcl that simulates h e  dynamic motions of our manipulator. 
The model is divided into three parts. 

0 A de/nilcd dcicriplion of /he slnrcturr o,f/he a m .  The description of the stnicture is contained in a 
Manipulator Database which consists of two parts: the kinematic and the dynamic. 'The kinematic 
dcscriptjon specifics the re!ative positions between the links of thc a r m  and givcs the axes of 
rotxion h r  each of thc joints. This description is easily detcrinincd from the nicchanical drawings 
of the aim. The d~naniic description contains thc momcnt of inertia, tlic center of Inass, and the 
mass for cach of thc links. A computer program was written to calculate thew values from a 
(Imbw fik(thc Parts I)atab;tsc) that contains a description of evcry piece of the arm. 

e 77ie Invme A17n. This is a set of equations which, hhen evaluated, yield the motor voltages 
rcquircd to produce certain accelerations. This is the inverse of a real arm which produces 
accclcrations given the voltages. The Inverse A m  part of the model is necdcd for tlic third part 
which is the Forward Arm. 

0 The Forward Arm. This part of the model contains an algorithm which can compute valucs for the 
acceleration of the joiiits in thc ann when the motor voltages zrc specified. When the 
accclcrations are integrated over a period of time, the new positions and velocities can bc 
de tetmined. 

Arm Description 
'Ibc CMU DD Arm consists of seven links, numbcred 0 to 6, going from thc base (link 0) down to the hand 

(link 6 ) .  Therc are six joints numbered 1 to 6 .  ?'he odd numbercd joints are rofafrcjrial joints which rotate in 
thc sainc manner as the turning of a screw. 'I'l-~e evcn numbcred joints are pivofol joints, which move in a 
manner similar to that of a pcrson's elbow. 

Each link has a coordinate frame associatcd with it. The Denavit-Hartenburg convention [5] for assigning 
coordinate framcs to nianipulator links is used to specify the coordinate frames of the manipulator because it 
simplifies the evaluation of the cquations used in the Iiiverse Ann and Forward Ami parts of thc model. 
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‘Hie I)cn,ii4-J laltCfiblJrg convention specifics that link i+  I rotatcs around thc Z axis of link i, dcnotcd Zi, 
\~,hcn joint i t 1 t u i m .  L i n k  1, thcrcfore. rotatcj around Zo at joint 1 and link 2 around at joint 2, ctc. ‘I’he 
X axis o f  cncli link’s coordinatc systcm points along the common normal of the link’s Z axis and the Z axis of 
thc prckious link. I f  thcrc is no conimon normal, such as whcn thc two Z axcs intcrscct, the direction of the X 
axis is arbitrary. so long as it is pcrpcndicular to the Z axis. The Y-axis is perpendicular to both the X and I ,  
axes and c o ~ t i i ) l ~ t c ~  3 right-handcd coordin;ite fr:ime. The coordinatc frames spccificd by the Ilcnavit- 
Hi1;.tcnburg convcrition for the Ch4Ll DIl Arm arc shown in figure 1. [4] 

I( inzma t ic Description 
Thc dcscription is a 

datnbasc which contains three pieces of information, dcnotcd a, r, and a. for cach joint. For any joint i, a 
spccifics thc nnglc of rotation ncccssary to bring Zi-l parallel to or collinear with Zi. ‘l’hc paramctcr r spccifics 
dx distanci? aloiig thc Z l  axis from the link i-I coordinate system to the link i coordinate systcm. l’hc a 
unramctcl- spccifks Lhe distance from link i-I to link i along the Xi-1 axis. Once the coordinarc Frame origins 
:!rc dctcrinincd in thc Dena\it-llartenburg conventicn thc a, r, and a parameters can be obtaincd from the 
~i~rcclianical drawings. 

‘l’lic kincmatic dcscription spccifics the gcncral organization of a manipulator. 

D y !i am i c D e s  c rip t i on 
Obtaining a dynamic description of the arm requires a greater effort than the kinematic dcscription. l’he 

d;, n,!mic dcscription consists of the moment of inertia tensor. center of mass vector, and the mass scalar of 
cach link. To dctcrininc this data we have dcvelopcd a Parts I)ntabasel for the Ch2U-IlIl Ann which has 
iiifoimXiori o n  cach of thz six links. Within thc databasc, each iink is separatcd intci several p~7rt .s  which are 
nu;?iljcrcd in the mcchanical drawings. h c h  par/ is broken down into several secfions. F ~ c h  section is 
dc:ciibcd as a cylinder. semi-cylindcr, rectangle, sphere, or prism. The characteristics of each of the parts in 
c u r  inaniplrlator can be approximated by combinations of these shapes. The databasc contains ditncnsions, 
dcnsiries, and locations of each section relative to the pari that it bclongs to. With this infoinlation we can 
dctcrmine.thc moinent of inertia, center of mass, aiid mass of each section. Once the infomiation is calculated 
for cach section, it can then be determined for cach par1 using the formulas for transforming moments of 
inertia. [7] [lo]’ ‘I’hc dynamic dcscription of cach link can be computed in a similar manncr from the parf 
information. The resultant dcscription is saved as part of the Nlanipulator Database and is rcferrcd to by the 
rcsL of the arm model. I t  must be rccalcularcd if the const~uction of the arm changes. 

Thew are other pieces of data related to the dynnniic description of the ann which can only be 
expcrirnently dctcnnincd. The most important of tliesc arc the motor constants. Each motor has a resistance, 
R. arid a torqw constant, Kt.  ’l’hc resistance of the motor relates the current in each motor’s armature to the 
\. oltagc applicd across cach motor’s terminals. The torque constant relates thc torque produccd by the motor 
tu t5c currcrit in the armature and it relates the spccd of the motor to the back EMF(E1ectro-Motive Force). 

’ Ilie link coordinatc slstcins used in the parts database are ;;signed for convenience. The software which gencratcs Uie dynamic 
dcscriprion changes thcsc coordinatc syaems to those of the Dcnavit-IIarteiiburg convention whcn the klanipulnlor Ilatabase is 
produced. 

LChnpie: 10.5 The Inertia Tensor 
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Inverse Arm 
'I he ftiwrw A m i  model is an application of a Newton-Euler analysis of free-body motion. The purpose of 

this model is to allow us to compute the motor boltages required to produce given accelerations when we 
know the currcnt state of the arm and all of its par'imetcrs. The model has six major steps. 

1. Calculation of die vdocities and accelerations of cach of the links. 

2. 1-inding rhc lincar acceleration of cach of the link's center of mass. 

3 .  Computing die net force and inoincnt exerted on each link, 

4. C;ilculation of the local forccs and moments on cach link. 

5. Finding Uie torque requircd for each motor. 

6, Computing the motor voltage required to produce the computed torques. 

'Ihc last step is done separately from the first fivc so that the Forward Arm program can use the first five steps 
ofthe fuvcrx  :trm to find torques. 

In  this paper a rcfercnce to h e  wlocity or acceleration of a link actually refers to llic velocity or acceleration 
d t h c  coordinatz system imbedded in the link. 

Link Velocities and Accelerations 
There arc two hrms  of link velocities and accelcrations which arc considered here, angular and linear. We 

Iiavc foix equations which can be solved iteratively fi-om lirik 1 to link N to find the angular velocity, angular 
acccleration. lincar velocity, and linear accc!cration of cach of the links i~! the arm. Link 0 is assumed to have 
no angular or linear velocity and no angular accclcration(i.e. Go II $. = Go 7 [0 0 0IT). I t  docs, however, 
have a linear acceleration equal to a Z directed gravitational acceleration (Le. i$ = [0 0. gIT, g.= * 9.80621 
mcters,';ccond , dcpcnding tipon whether Z points ilp 0': down). Since we kiiow so, vo. wo' and < WI: can use 
the following four equations to solve for Gp wl, and vl.  We c m  thcn apply the cquations rcpcatcdly to 
solve fur rlic velocities and accelerations of links 2, 3. ctc. up through link N. 

2 2  2 
2 2  2 

The angular velocity oflink it I ,  Gi+l, is related to the angular velocity of link i, zi, and the rate at which 
the joint bctween thcm, Bi+ turns by 

A *  

(1) 
2 2 

" i + l  = ( oj + Z0Bi+,)  i = O, l ,  ..., N-1 

whcrc io = [0 0 I]' and b = 6 in thc CMU DD Arm. ,The Denavit-Hartenburg convention dictatcs that the 
axis of rotation of joint i+ I is along the Z axis of die link i coordinate frame. so the rate of turning of joint 
it I ir inultiplicd by Zo and added to the anguia: velocity of link i to give the angular belocity of link i+ I. 
?'hit coclrdicate frarnc is changed froin link i to link i-t f b y  premultipling by At+ 1' 

'rhc angular accclcration of link i-t I ,  Gi+ is given by: 
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h 

Sincc joint i+ / rotates around dic Z axis of link i. the accclcratjon ofjoint i+ / is multiplicd by To 
bcing chnngcd to link i-t I coordinatcs. 
situztion. 
pr.c:nultiplicarion by A: + 1. 

before 
Thc cross product term comes from thc gcomctry of the 

A coordinate transformation from lir,k i to link i+ i coordinatcs is pcrformcd by a 

’ I k  I k m r  vclocit) uf l i nk  i t  /. <+ is relritcd to the line.?: velocity of link i, T, afid thc cross product of 
2 ul+ m d  ti;c vcctor, 6 i+ l .  whicli points from the link i to thc link i-,L / coordinate systcm. 

) IT in the I)cnavit-ITartcnbiirg 
convention. The linc,ir velocity of thc link i coordinate system is transformed to the link it- I coordinate 
cq’stcni by 3 prcinultiplication by Ai+l .  The cross producr necd not be transforrncd because it jS alrcady 
cxprcswtl in link i+ I coordinates. Note that thc lineal. \docity ofeach 1ir:k is not uscd in later calculations. 
This equation ncccf not be cvaluatcd, but is includcd f@r complctcness. 

where is given by [ a l t l  rl t Wa1 t I) rl t 1cos(a1+ 1 

‘ I ~ C  linear acceleration of link it- I ,  i?+l, is given by 

(4) 
The first [ e m  is, again, due to &e gcometry of the situation acd thf second is cnllcd the Ceritripclul 
xcclcr;lticm. ‘This cquation is a limjted case of the Coriolis thcorem. [IO] lkcausc there arc no translational 
joints in m r  a m ,  the Coriolis term of the Cclriolis dieorem is xro.  

2 2 __ -, 
v I c l  -- wl+l x b l + l  + GI+,  x ( x fil+l) + Ai+1 v1 i = 0,1, ..., N-l .  

Linear Acceleration of the Centers of Mass 
‘fhc calculation of thc linear acceleration of the center of mass of each of the links is very similar to the 

linear accclcmiior: of thc coordinate system calculation. l h e  equation relating the linear acceleration of the 
center of mass of a link to ai, ai’ s i ,  and < is A 2 A *  

(9 l* J A *  

V. = oi x s i  + 3, x ( Zi x n;) + $ i = 1,2, ..., N 

w!icrc is a vector pointing to thc ccnter of mass of link i from its coordinate origin. Again, we scc L h t  
thew ,:re no Coriolis accclcrations in the arm. Note that these calculations can be perfonncd in any order, but 
rniis~ bc pcrformcd afrcr equations 1 through 4 have been cvaluatcd for all of thc links. 

Net Forces and Moments 
‘Thc net force i3 t l ic sum of all of the forccs acting on a link. Likewise, the net moment is thc sum of all of 

tlic momcnis Sincc we know what the accelerations are wc can calculate thc net forccs and net momctits for 
cach link iisi,!g Ncwton’s law and its analog in rotational dynamics. Newton’s law in this context is 

A* 
2 

Fi = in. v. 
1 1  

whcre ini is the mass of the link. 
(6) i = l,2, ..., N 

3Cl~aptrr 7.2 ?rfo\.ins Origin of Coordinates 



Ncbton’s law c m  bc dcrivcd from the fact that the nct forcc is eqiial to thc ratc of chnngc of tlie 
nioiiicn[un1. I n  a similar maiiilcr, MT can dcrivc the rotational analogy of Ncwton‘s law from tllc fact [hat the 
nct nomcnt is equal to thc ratc of changc of the rotational momentum or 

dt 

where 
* A  

2 

I... = J i  wi’ 
1 

-2 

I-, is thc rotational moincnturn a:id J: is thc moment of inertia of link i around its ccntcr of mass. Sincc we 
nccd to cxprcss the rnomenL with rcspcct to link coordinate origins we change thc coordinates of the moment. 
‘l’hc: moment c,)ordinate changc fonnula is: 

(7) 
2 

N, = 3: hi + Gi X ( J: 3, ) i = 1,2 ,..., N. 
4 ‘[his is a fonn of Fulcr’s cquation of motinn for a rigid body. [lo] 

Local Forces and Moments 
i k h  link is connccted tc two otlicr links (exccpt die hand and thc-basej which exert forces on that link. 

‘l’hc sum of tlicse twc) h r c L i s  rhe net force. For any link i, the f c x s  fi, that link i-I  excrts on it is called the 
l c i i  force. I’hc net fcvcc, F:, on link i is thc sum of the local force, f? and thc ncgatikc of the local force on 
rhc iicxr h k .  fl ,- 1, I l lat is 

.A 

or 

i = N ,..., 2,l. 
3 2 

Notc rhat wc must changc the coordinate system of f i + l  bcfore adding it to Fi by premultiplyjq it by hit1 
We can calculate thc local forces b y  solving this cquation itcratively starting at the hand, whcre fN+ , is the 
cxtcriial fc)rcc: cxcricd on the hand, ai?d working our way up the ann. 

-A 

‘Ihc nct momcnt, N,. of link i Itas four components. 

1. ‘ h e  local niomcnt of tiic link, 5. Hhich is die momen: excrtcd by link i-1 on link i. 

2. ‘The negative of the local moincnt of the next link transformed to the h k  i coordinate system, that 
is 

- A i t l  A 
1 ni+l. 

3. ‘I’hi. Inomcnt caused b y  Ihc local force acting on the l ink at a distance away from the thc origin. 

4 0 ~ a p i c r  I I 2 Eulcr’s I:qu,itions of Motion Tor a Rigid Body 
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2 

- f i i  x Ai+’ f i+l .  
‘Iliis is thc ncgativc of the cross product of the position vector ~ ~ h i c h  points from the i-I  to the i 
coordinate origin and the local forcc on the next link transformed to the link icoordinate system. 

4. ‘I‘hc inoincnt caused by the nct forcc acting on the ccntcr of mass of the link. 
2 

- (  c i +  g r )  x Fi. 

?’his is thc ncgativc of thc cross product of the vector pointing from thc link i-I coordinate system 
origiii to thc center of mass of link iand the net forcc on link i. 

By rcarranging these cornponcnts to solvc for the local moment we gct 
2 < -  - A!+’ 1 1 + 1  + fji x (Aiflfi+l) + ( C i  + ?:) x Fi + Gj 

i = N ,..., 2,l. 
2 where nN + is the external moment exerted on thc hand. 

(9) 

We can iteratively solve this equation from the hand back to the base to find the local moments on each 
link. 

Joint Torques 
The local moment of link i is the moment that the link exerts on joint i - I .  The component of thc local 

moment that is along die Zi-l axis is tlic torque exertzd on joint i-I, The torque required for a joint to 
compcnsatc for the local moment and friction is given by 

= < * (  Ai i - 1  Zo A ) + bi8, i = N-1, ..., 1 (10) 7 .  
I 

where hl is the friction coefficient of joint i. The fiiction, bi, in each of thc joints is related to the velocity of 
the joint by some nonlinear function. Since the friction in the joints of the CMU DD arm is very small, we 
neglcct this term in tlic simulation. [2] [l] 

Defining t h e  InvArm Function 
We can dcfinc the fitnction which evaluates equations 1 through 10 as 

. .. 
- T = IncArm(Q,Q,&) 

. .  .. .. .. 
w1icre.r = ( T ~ . ? ?  ..., T ~ ) ,  8 = (8,,8,, ..., Os), & = (01,8, ,..., QN), and& = (8,,02 ,..., ON). This function call is 
an actual procedure in the software which iinplerneiits the algorithms discussed in this paper. ‘I’hc InvArm 
function will be used later in the Forward Ann. 
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D A C  Output 
Oncc wc know die torqucs, 7. that wc must produce, we liavc to calculate what motor \~oltiigcs wc must 

apply in order to gcncratc thcsc torques. In the computer program, the motor voltage calculation is 
performed scparatcly from the above f ive stcps because when the Fwitard Arm uses the Iirivrse Arm it 
i-cquircs thc torqucs as output. The motor volt;igcs, computcd from the torques and vclocitics, can bc used 
for n fcedforwarci coinpens::ticilI control system. [2] 

Wc m u m c  that Llic inductance of the motors is negligible so th3t the equation rclating voltage to the 
arrndturc rcsistancc and motor specd is 

VI = R1 Ii + Kt, Bi 
where R1 is the rcsistancc of motor i, Kt, is a back EMF constant for motor i, and I, is tl?e currcnt in motor i. 
'The torqiic that thc motor produccs is related to the current in thc motor and is givcn by 

7 1  = Ktl Ij. 

We can rcwritc tlicse equations as 

Vi = R i ~ i / K t i  f Kti8,. (11) 

Forward Arm 
The purpose of this inodel is LO Allow us to simulate the movement of a manipulator. We can specify the 

\ol~igcs  applicd to each of thc inotors and calculate thc resi~lting movement of tlic arm. The Forward Ann 
tr,oc!c! dlgoritl?m is takcn from a paper on manipulator dynamic simulatian written by Walkcr and Orin. [I11 
W c  use thc bird mctliod givcn in thc paper. 

Yhc Walker-Orin algorithm is a method for calculating the acccleration of each joint in a manipulator. We 
LISC 3 third order I<ungc-Kutta intcgiation algorithm to computc tlic velocities and positions of the joints from 
tlic accclcratiom. We havc added a model of the motor dynamics so that motor voltiigcs can bc convertcd to 
torqiics. ‘Ihc Fornlnrd Ann model, which consists of these thrce parts (calculation of acceleration, in  tcgration, 
and motor dynamics), takcs as input a voltagc schedule which is a list of input voltagcs to bc applicd to the 
niutors of thc drm over a pcriod of time. The outpiit of the modcl is thc positions, \docitics, and accelerations 
that t ! ~  joints of the ann undcrgo with thc spccificd input. 

We will first dcscribc the motor dynamics equations and then describe thc Walker-Orin algorithm in dctail. 
This discussion will be complctcd with a description of the Runge-Kutta algorithm as it applics to this 
problem. 

Motor Dynamics 

Walker-Orin ann rnodcl. (see figure 2) 
’I’hc rnotors havc characteristics, such as b x k  EMF, which can be modeled as a control system around a 

The voltages applicd to thc tcnninals of the motors havc the back EMFs of die motors, givcn by Kti bi, 
siibtractcd from thcm. The rcsult is multiplied by Kti/R, to givc the torque that is actually gcncratcd and 
applicd to thc joint of thc ann. I h c  inductancc of the motor is ncgligiblc in most cascs, so it is not includcd in 
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t!iis dndysis. 71'lx torque, r,, in tciins of t!ie applied voltage, VI, and the joint vclocity, 8, is given by 

= Ktl ( Vi - Ktl 81) / Ri i = 1,2 ,..., N. 
?1 

vi 
+ 

Figure 2: Control System Model of a Motor 

The Walke r-Orin Simulation Method 
Thc dynamics of any manipulator can be summed up in one general second-order differential equation. [6] 

whcrc H ( 0 ) is an N x N symmetric nonsingular moment of inertia matrix, C ( &  , & ) is an N x N matrix 
specifying the centrifugal and Coriolis effects, C ( 8 ) is a vector of size N specifying thc effects of gravity, 

K, ( ) are 3 x N Jacobian rr+riccs spccifying the torques created at each joint due to external 
forces and moments exerted on h e  hand, filand is a spatial vector specifying the external force exerted on the 
hand, and <land is a vector specifying the moments exerted on the hand about the X, Y, and Z axes. 

) and Kn ( 

'Ihc purpose of this par: of the Fot-wx-d A m  model is fo compute the accelerations of cach o f  the joints 
givcn thc torques applirll to the joints and the current state (positions and velocities) of the arm. There are 
three parts to this computation: computing the bins vector, finding the H matrix. and solving for the joint 
xcclcrations. The Walkcr-Orin paper [I I]  gikes four methods of finding the accelerations. The first and third 
steps, that is cornpriting thc bias vecior and solving for the joint accclerations, are cominon to the first three 
methods prcscntcd in the Walker-Oriti paper. The difference bctwcen the thrcc methods is in their 
algorithms for computing thc I1 matrix. The third method given for computing the I-I rnalrix is used here for 
speed. 
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Cumputing the Bias Vector 
I f  wc let 

t!cn equation 13 becomes 

H ( @ ) @  = (7 - B). (15) 

.- R ib c.il1c.d '1 hizs vector w!iich corrcsponds to the torque rsquircd to maintain thc.;urrent stlitc withoilt m y  
zccc1c'ir;tion. 'I'he bias ~cc to r  cnn be computed with thc Ini.\nn fu~~ction by sctting e = 0 and calling the 
routine to calculate the torque. If we kncw thc H matrix thcn we could solve equation 15 as a set of N 
\iniull;ilicuus equations in N unknowns. The e would be the unknowns. 

Calculating the H matrix 
' 1 % ~  I I matrix rcprcscnts an effcctivc moment of inertia for the arm. It is a function enrircly of the arm 

po4tinn since thc velocity cffesJs arc accounted for in other terms. Tiic simplest incans of calculating thc H 
matrix is to SSI cwe elcrncnt of& io 1 and all of the rcst to 0. We c m  use the Inv:\nn function wit11 @ = k = 
G ( @ )  = 0 to compute the torque vcctcr for that accelq.ation. The computed torque vcctor.js cqunl.to the 
column of the 1 f matrix corrcsponding to tlie element of 8 that was set to a 1 since 7 = H ( @ ) 0 when 8 = 
G ( S )  -1 k = 0 froin equation 15. 'This is Walker-Orin's method 1 which is simple, but computationally 
slow. 

M e h d  3 uses a diffcrcnt approach. The same assumption abwt the accclcration is made, but the 
ca!culntion of iorqucs proceeds dificrcntly. The €4 rnatris is synirnc-rktl S'J only the diagonal and top half of 
t k  off di,igonal clernents nre coi?ipil led. If is set up as before, with the jh eleincnt set to 1 and thc rest 0, we 
nc t t ix  thnt thc manipu1a:or can be viewed as a singly jointed arm with a "hand' that is madc up of links j 
through A7 and thc base made up of links 0 through j - I .  The characteristics of the "hand," its mass, center of 
mass, and nioirlcnt of inertiii, G~JI  be calculated iteratively using 

(16) j = N-1, ..., 2,l M. = M. + m. 
J I +  1 J 

' 2  1 
c.  = -[mj + M. J+1 A J + ~ ( C ~ + ~ +  J c j+ l  ) I  ' M. 
A* 

1 
h A* 2 

F* = . jJ+l~l*+l~i.,-i + M ~ + ~ C I A ~  j+l  ( c ~ + ~ +  -* pj++Cj I I S J 

+ J; + mj[l  Zl*- cj .A* I 2 I -  ( s j  - 

j = N-1, ..., 2, l  (17) 

j = N-1, ..., 2,l 

whcrc m i5 the mass of link j ,  h l  is the mass d the "ha:?cl" that is linksj through N inclusive, C?* is the 
compmite center of mass of t!ic "hand," E* is the compobite incmcnt of inertia of the "hand," and I is the 
identity ~nawix. Thc boundary conditions at link N are 

I 1 1 

J 
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'Thc composite mass. M., is the sum of the masses of linksj through N .  l l i e  composite center of mass, q*, is 
compiitcd rclativc to thc origin a f l ink j  in  linkjcoordirlates. is a weighted sum of the centcr of mass of 

A *  _\* J 
l i n k j  S . , and thc centx of mass ofcor-ripc:;i:e lirikj-t I ,  cjt l ,  divided by the total mass of the composite link 
j. h4.. 5 i.; v$cigh;cd by its mas:;. In and cj+ is wightcd bq M. The stun of the position vector, 6 j + l ,  

1 1  J -L * j + l .  
wliich points from thc  link j origin to t!ic-j IS transformed from j t I coordiilates to j 
C ~ j ( ~ r d i 1 ~ ; t L ~ S  io give c. 

J 

Ah A* 

I oripin and c. 
.A* I f !  

rels!ivc t o  the j coordinate origin in .I coordinates. 
J +  1 

.._ 
llic co~npc:si:e momcnt of inertia, E*, is the sum of the moment of incrtia of !ink j ,  Jl*. and the composite 

momcnt of inertia of linksj through ,d', l:j-+l. both moved to the ccntcr of mass ofcompositc link j .  KJ*+Imust 
undergo a coordinate transfori~iatim before it is added to J:. 

J *  

I 

'1'0 moLe a moment of inertia tensor we use a form of the parallcl axis theorem which gives the moment of 
iiicr:i:t uf  a n  o5jccl around an arbitrary location when the morncnt of' incrtia around the center of mass is 
kmwn. [ 101' 

--5 

whcrc 1; is the moment of incrtia tensor around the center of mass, M is thc inass of the objcct, R is thc vector 
pointing from an arbitrary lccation to the cerrter of mass, and 1 is the identity matrix. 

E;,- lis first tmisformcd t o j  cclordinates by prc- arid post-multiplication by A! * J 
and its inverse. 'I'hcn it is 

lnoircc! io c. . K is ,ii '' ( E. -I- 6 ,+ ) -. e-?* for this move wliich points from the centcr of mass of composite 
l i i ik  j i o  the cc2ter of mass of composite link j +  /. J* is nioved co the center of niass of composite link j by the 
same means. R is s . - c. in this case which is a vector from the center of mass of composite link j to the 
ccnter of mass of lin k j .  

-3 - ' 

1 1+1 J 
r *  A * .  J 

J J  

Thc net force on the "hand" is the force acting cn h e  center of mass which is the "hand's'' mass times its 
linear accclcration. Since tlie angular acceleration about a joint axis is assumed to bc I, the lincar acceleration 
is the cross product of the angular acceleration vector (which is just the Z axis of link j-I expressed in j 
coordinats) and the vectoi from the axis to the center of mass of the l ink. 'I'he net force is givcii by 

-x . A  

F: = hl,  [ t4J-l z, x (5* + 6 ) 1 j = N,...,2,1 (19) 
J . J  

l'hc iict momcnt of the "hand" is the moment around the "hand's" center of mass which is the component of 
die moinent of inertia matrix, E*. ahich is.in tlie directiohi of the joint axis, or 

J 

j = N ,..., 2,l. (20) 

Thc forcc [hat link j - I  C X C L ~ S  on die hand, called the local force, is cqial to the net force since t!ic only force 
cxcrtcd 011 thc "hand" is the local force. ?he momcnt cxerted on die "hand" by link j - / ,  callcd the local 
i~ionie'it, is the net monicnt plus the moinent produced by a force acting at a distance from the rotational axis. 
The force i4 thc net force 2nd thc disvnce is the sum of the ccntci' of mass vector of link j .  c*, a:id the position 
vector, 6 .which points froni the l inkj - I  to the link jcoordinate axes. 

J 

J 

SChapter 10.5 
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j = N, ..., 2,l (21) 

(22) 
A 

A n = N ,  + ($*+ 6.) x F. 
1 1 J 

j = N,...,2,1 

' I l c  torqiic required in h e  joint is the ( j, j ) clcnicnt of the H matrix which is equal to the component of the 
local ino1;7cnt i n  the dircctiori of the link j - I  Z sxis, given by 

j = N ,..., I.. 

'l'his Gives C I S  tlic dingonal of the 11 matrix. 

T h c  off diagoillil elcments can bc computed by calculating the torques nccded in joints I through L-I to 
inaini3in this static situation. The local forccs on each link from I t o j  -1 arc tlic same as the local force, f on 

1' 
l ink . j  when traiisfurmed to die corrcct coordinate system. 'nit local moment of link i is the sum of thc local 
m<.ment of link i-c / transfcnncd to i coordinates afid Ihc moment causcd by the local forcc of link i+ I acting 
at a distancc ,+ '. 

A . . A  

i = j-1, ..., 1 (24) 

i = j-1, ..., 1. 

The clcnients of thc off diagonals of the Fi matrix are the components of the local momcnts which arc in the 
sainc direction a.; the Z axes of the previous links. 

i = j-1, ..,2,1 j = N ,..., 2.1. 

Oncc we haw the H matrix wc can calculate the accelcration vector for rhc given torquc, E, and computed 
bias vcctor. 11 using equation 15. Sincc the H matrix is symmetric an algorithm tailored to such matrices is 
ciscd to solvc the sirnultineous cqiiations. [9] 

Dsfining the  ForArm Function 
Like the InvAnn function we can define a ForArm function which returns the acceleration of the ami joints 

given tlic positions, v~~l.loci!ies, and joint torqucs. This function is useful in explaining the Iiungc-Kutta 
i~ircgr;i:ic~i and corrcsponcis to a real hnction in tlic modcling software. We dcfinc ForArm as 

- 0 = ForAnn (0, @,*z) 

where 8.0.8, and 1 are dcfincd in section. 

R !I 11 9 e - K ut t a I n t e g rat ion 
l'he abiliq. t:) calculate the accelcration for a given set of conditions allows us to compute hturc  positions 

and vclacitics of the joints using a Runge-Kutta integration algorithm. A third ordcr Rungc-Kutta provides 
cnough accurdcy without sacrificing too much speed. 

If we lct 
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%here 
that we arc trying to solve are 

is the ;inn icctor of applied motor voltagcs (see section ) then the first ordcr diffcrcntial cqilations 

To iisc thc third order I<ungc- h t t a  method, wc <jilculate two sets of three coefficients which rcprcsent the 
arc tllc. old currmt  lues dnd estiinatcd future values of& and e. The new values computed fur 

value> plus a time increment multiplied by a weighted sum of the cuircnt and cstirnatcd firturc values of 
and @. [.31 ‘I’he cocfficiciits to be calculated for each new sct of values for and & are 

and 

. h  

- 2  
c2 = e +-  li, 

- k, = F ( &  + 2hc, - hc,, c3, 

where h is n time step. Thc determination of the correct sizc for thc time sJep h is a difficult procedure. There 
arc algorithms for adjustiiig the stepsize according to thc change in & and 8, but these are not currcntly 
implctncntcd. A fixed stcpsize of 1 millisecond which is approximately 1 / 1 5 ~  of the smallest mechanical time 
constant in the arm is currcntly being used. 

‘Tlic itcrative equations for calcirlating the weighted sum and obtainins ncw values for Q and 0 are: 
h 

- 6  
on+’ = e” + - ( c , + 4 c 2 + + c , )  - 

h 

- 6  
&“+I  = in + -(& + 4 k , + k 3 )  

Programs Available 
We have imp!cme:ited the moticl of itm dynamics which has been described. ?hc software rcsidcs on the 

CMU-7SOR VAX in the /usri-O/nins/sirn directory. Currently, &he software is in the form of an cxccutable 
testbed called “sirn.” The sirn progrm is CI based with full  help functions. The siin program can do the 
Imusc Anir on single or multiple scts of dam It can do the Forward Ann on single sets of data or do a 
simulatioii sequence. 



‘I’lic sin1 sy~tc i i i  is rui1 by tlping /usr/nms/sim/si~n. ’nie user is then at the CI user intcrfacc lcvcl. ‘I’hcre 
ale scvcral vaiiirb1i.s M hicli the user can set to different values. ‘lhey are 

gravity The value of the gravitational acceleration. 
I l ~ f a ~ i l t s  to -9.80621 iiictcrs/second2 

I J ,\ C‘ i‘im 1: Pe I i od -1 hc tiliic bctwccn changes in the reference input to the 
contrul 5 ) m m  of the arm 

l b c  following variables arc v w o r s  which h a w  one component for cadi joint in the ann being modeled. 

t h C h  

otncga 

alpha 

The joint anglc of each joint in the arm 
starting from the base. 

The joint a n ~ l e  velocitics. This is the 
1;rst illilc derivative of thcta. 

The joint accclcrations. This is the output 
of thr Forward A m  model. 

torque The torque each motor is producing. This 
is calculated from rhe voltage. 

voltage 

DACOut 

Thc voltage applied or that should be applied to 
each joint to sbtisfy the other conditions 

Tile Disital to Analog Converter output voltage which is connected to 
the rcfcrcnce input of the control system of the arm 

Any of tliesc variable can be set by saying: variable = value1 value2 ... valueN, whcre N is tlic number of 
Join!s in tlic arm. ‘Ihz torque and 1;oltagc ,ariablcs arc tied together so that setting one rccalculates thc other. 

‘I‘hc commands al!ow the user to apply the Ztiverse Arm or Fonvirrd A n n  riiodcls to diffcrcnt scts of data. 
Pf.issil?le wniinands arc 

inverse-arm 

forward-ann 

Runs the Inverse Ann modcl on the 
theta, omega, and alpha variables. The result is 
put in thc torquc and voltage variablcs. 

Runs the Foiwurd Anti modcl of the 
thcta, omega, acd volta~c variables. ?he result is put 
in the alpha variable. ‘This command docs not perform 
Kungc-Kutta integration. 
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:4 m ul a te Simulates the motion of an arm. Prompts the 
uscr as to whe~hcr it should start a new simulation, 
sct the theta and omega variables to 
zcro bcforc doing a simulation, and whethcr a voltage 
schcdulc file is used. If  a vo1:agc schcdulc file is 
used the uscr is prompted Tcr its name. If a schedule 
file is not ustd the voltage is assumed tobc hcld 
constant at the t 31uc givcn by tlic voltage variable 
and the user is prompted for the number of tinicstcps 
over which the simulation is to occur. 

plot-simulation 

print-simulation 

wri tcgraphic-file 

open-ou tput-file 

close-ou tpu t_ file 

databasepad 

Plots the simuktiion 011 the dover. 
Gcticratcs a poof filc (see MAN POOF) called 
#dovcrplot.poof and a prcss file called #poof.press. 

Prints the simulation on the user's 
screen if no file is currently opcn. Prompts the user 
for start, finish, and step values. 

Wrim a filc of sirnulation results 
which is suitabie for inpct to the graphics 
simulation ciisplsy packagc on the PERQ. 

Opens a file for writing with 
print-simulation. Prompts user for filename. 

Closes the opcn file used for 
simulation output. Further output is sent to the 
terminal aftcr tiic file is closed. 

Reads a database file for an arm which contains 
mass, center of mass, moment of inertia, 
Ilenav it-Martenburg paramcters, and other related factors 
which characterix an arm. This command is done implicitly 
for the CM U IID Arm whcn the sim program is started up. 

Furtlicr information about the internal workings of thc systcm is in the program documcntation. 
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e An N x N  symmctric nor,cingnlnr moment of incrtia nintrix. 

e An NxN matrix specifying thc cciitrifugal and Coriolis cffc.cts. 

e A n  arm vector specifying the cffccts diic to gravity. 

I A 3xN Jacobian matrix specifying the torques crcated at each 
joint dtv to an exteinal fwcc exerted on the hand. 

B A 3xN Jacobian matrix specifying thc torques created at each 
joint due to an external moment exerted on the hand. 

e A spnti,d vector specifing the force exertcd on thc hznd cxtemally. 

P A wctor specifyins the cxtcrnal morncnts a rmid  the X, Y, and Z axes. 

i A bias vector whicli can be computed by eyudtions 1 through 10 with 
set equal to 0. 



23 November 1982 A TIN 11)' n ; in  1 ics Si IC u I :ition 17 

Eyuatioits for Evaluating t h e  Dynamic Motion of a Manipulator 
A .  -. 

w .  

(J l . c  1 - A;4l ( zi + %08i+l + 2, x %oBi+l ) 

- .4;+1 ( z, + %08i+l) 1 + i  - i = 0,l ,..., N-I (1) 

i = O , l ,  ..., N-1 (2) 

" i - e l  x i + l  -I- vi i = O , l ,  ..., N-1  (3) 

y : l  x t i r l  + Gi,-i x (  x f i i + ] . )  + A : + ~  Vi i = 0 , 1 ,  ..., N-1 (4) 1 ; 1 

v.  1 .  (5) 

Fi = mi vi i 1,2, ..., N ( 6 )  

Ni (7) 

(8) f. - 

A .. A .  

- -5 

2 ' 2  - -\ v . I t 1  - 
2 2 2 a _- 2 c .  - 

.A* 2 r *  

= (3, x s i  + zsi x ( Gi x 2;) -I- % i = 1,2, ..., N 

.l* .2\ 

2 
.A 

= .Ji oi -t G, x ( Ji zi ) i r- 12, ..., N 

i -- N, ..., 2,l  
2 A A - ) \ f+!  

1 fi+, + 'i 

2 n. - - A ! + ' $  1 1+1 + i i x ( A i + l f + l ) + (  c i +  i r )xp i+Gi  

i = N,...,2,1 (9) 

i = N-1, ..., 1 7 .  = 5 . (. .q-li(, ) + b, Bi (10) 

Where: 
-1 2 

ai ,  0. & 'The angular velocity and acceleration of the link i coordinate system. 
1 

2 2  v. , v. 2 l l c  linear velocity and accelcrslion of the link icoordinate systcm. 
I 1  

2 The linear accelcration of thc ccntcr of mass of link i. $8 

i .  
-1 A 

Fi , Ni G The net forcc and moment cxcrtcd on link i. 
2 

f i  , i< 

r .  

k The force and moment cxcrtcd on link i by link i- I .  

G The input torque for joint i. 

g A number representing Vijcuus damping or friction. 

e ?'hc angle, and its derivati+es, through which joint i is turned. 

bi 
. .. 

oi , d i .  ei 

6 j  e Vcctor from link i - I origin to link icaordinate system origin. 

A *  

2 Vcctor frcin link icoordinate system origin to ccnter of mass of link i. s i  

Ji 

m. I Mass of link i. 

Momcnt of inertia matrix of link i. 

I 
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Given: 

* I + ‘  = 
1 1 cos B i +  - cos ui+ sin Ui+ sin a i+ l s in  B i + l  

- sin ai+l COS Bi+ cos ai+ cos O i +  1 
Slll  cos ai+l 

-1, + 1 = J. l’hc idcxiity matrix 
‘l‘he N + lm coordiilatc systcm is tb: hand coordinate system which is 
idcntical to tlic link N coordinatc.syscem. 

i + l  T’ = i + l  - 1  A i + l  = ( A i  ) 

ri cos( ai j 

2 g = 9.50621 metcrdsec if the Z-axis of the link 0 coordinate frame is 
pointing vertically up. 

g = - 9.80621 meters/s::c’ if the Z-x i s  of the link 0 ccordimte frame 
is pcintiiig verticcsl!y dawn. 
2 

‘The external rorcc on the hand. 

2 ‘fie cxtenial moment on the hand. 

f K + l  

2 

“ N + 1  
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Equations for Calculation of H Matrix in Forward Arm Problem 
M. = M. + m. j = N-1 ,..., 2,l (16) 

J J + 1  J 

j = N-1 ,..., 2,l (17) jtl L* A *  
1 

Mj 
A* 

c. = - [ m j  s j  + M j + l A j  ( c ~ + ~ +  ; j + l ) ]  

A* 7 

E* 1 = ,$+'E* ] J i l  AJ Jt .1  + M. 1 + 1  [ I A j c ' ( i ? + l +  c j + l ) - ~ j  ) ' -I  

j t l  - ( A] ( cj+ 1+ i; j +  ) - ;* ) , j+ l (  T+ 1+ 6 j . ~  ) - E? J jr I 
A *  A* T + J; + in j [ [  :;- q*12~- ( i 8 -  1 ?*I( s j  - cj ) 1 j = N-I,  ..., 2,l (18) 

F .  J = h4. J J  [ A?'?,, x (I?* J + 6 .  J ) ]  j = N,..., 2,l (19) 

N.  J =: F.*A!-'? J J > O  j -- N....,2,1 (20) 

E I = Fj j = PI-1, ..., 2,l (21) 

i;j) x Fj j = N, ..., 2,l (22) = Nj + (CT i- n. 

2 

2 

- 2  

2 
A 

J 

h 
2 

j = N-1, ..., 1 .(23) €1.; = n. J . ( i i J - 1 ~ ~  J ) . 
J J  

i = j-1, ..., 1 

i = j-1, ..., 1 

(24) 

(25) 

11.. = H . .  = i = j-1, ..., 2,l j = N,...,2,1 (26) 
'1 J 1  

where 

B Thc cumulative mass of links j through N with M, = mN. 

A* 

C. 
J 

6 The center of mass of composite link j with cN* = 2 

8 8  
E8 

J 
B 'I'hc moment of inertia ofcomposite link j around its center of mass with EN= J, 

2 'I'hc N X N matrix relating angular accelerations to joint torques. Hi j 
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