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1 Abstract 
 This paper describes a general method to generate warnings for the driver of a vehicle. The 
method takes into account the current measured state of the own vehicle and observed objects, the 
uncertainties of these measurements, models of driver, vehicle, and object behavior, and 
information about the environment, especially how it influences the driver and the observed 
object. This method is designed to work in two dimensions. It is being implemented into a side 
collision warning system for transit buses. 

 

2 Introduction 
Most warning algorithms for the automotive world are one-dimensional. They consider 
only the distance, velocities, and/or accelerations in the direction the detected object (see 
[1] for a list of six different algorithms). E.g. the possibility of driving around the object 
is not considered. The framework presented in this paper attempts to deal with the full 
two dimensional case and any available information, be it the measured status (location, 
velocity, turn-rate, acceleration, etc.) or knowledge of expected behavior. Things 
considered are: 

• Equations of motion in two dimensions 
• Measurement uncertainties 
• Vehicle + driver model 
• Object model 
• Environment + object + vehicle + driver model 

This work has been motivated by our ongoing project to develop a side collision warning 
system for transit buses [2,3]. We found that in the crowded city environments the buses 
are close to other objects all the time and using common warning algorithms would create 
far too many nuisance alarms. It is also important to take the environment and its 
influence on the behavior of driver and object into account. Particular important in the 
case of transit buses is the position of the sidewalk. Pedestrian are often very close to the 
bus, but they can be considered in a safe position if they are on the sidewalk.  
In the following sections the general framework will be introduced and illustrated with 
examples from our side warning system. 
 

3 Warning algorithm 
The warnings are generated according to following steps: 

1. For each object, calculate the probability of collision versus time p(t). 
2. Plot this curve on a p vs. t graph, in which certain areas of the graph correspond to 

certain warning levels. 
3. The highest warning level the curve reaches is the warning level of this object. 

In the next sections the algorithm will be described in detail. 



 3

3.1 Coordinate System 
We consider the vehicle and its relation to an object (another vehicle, a pedestrian, a 
fixed object, etc.). At t = 0s the origin of the coordinate system is the midpoint of the rear 
axle of the vehicle. The relevant coordinates are defined as: 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
1. The (scalar) speed of the vehicle sb 
2. The yaw-rate bθ&  of the vehicle 

3. The direction of the vehicle velocity θb (=0 for t=0) 
4. The position (xo,yo) of the object relative to the midpoint of the rear axle 
5. The speed of the object so relative to the world 
6. The direction of the object velocity θo 

Speed and yaw-rate was chosen for the vehicle coordinates because it implicitly contains 
the bicycle model, i.e. the velocity in the y direction is zero. If the object can be identified 
as another vehicle, speed and yaw rate should also be used as the basis of coordinates. 

3.2 Calculation of probability of collisions 
The probability of collision formula can be written as follows: 

 

Equation 1:    ∫−=
allX

dXtXwtp ),(1)(  

where: 

Equation 2: 

                    0                   if the path(X) intersects the bus (i.e. a collision occurs) between  
=),( tXw                          time t0=0 and t  

                   )0,( 0 =tXw  everywhere else. 
X =                  vector of all coordinates and their derivatives (speeds, yaw-rate,  
                        etc.) which are being considered at time t0=0. 
path(X) =         the path of the object w.r.t. the moving bus given X. 
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)0,( 0 =tXw = the weight determined by the errors of the elements of X,  
                      assumptions about unmeasured quantities, and the environment. 
X=(x1,x2,…) =A⊕B where A=(a1,a2,…) is the vector of the measured quantities  
                       with errors ∆A=(∆a1,∆a2,…) and B=(b1,b2,…) is the vector of   
                       unmeasured quantities. 

 
Furthermore: 

Equation 3: 

...),(),(...)()(...),(),()0,( 221122112221110 ⋅⋅⋅⋅⋅∆⋅∆== XeHXeHbGbGaaSaaStXw

  where  

Sn = the error function of the measured coordinate an  
Gn= distribution functions of the unmeasured quantities (dependent on the  
        sensors and the system, e.g. bn= bθ&& , bs&& , oθ& , or os& ) 
Hn = weighting functions taking knowledge of the environment (en) into  
         account. 

and following normalization condition has to be fulfilled: 
 

Equation 4:    ∫ ==
allX

dXtXw 1)0,( 0  

 
An example of en is the position of the curb with respect to the path of a pedestrian: 

 
              1.0/N  if the object is always on the curb between time t0=0 and t 

=),( 11 XeH      0.1/N  if the object is on the curb at t0, but not at t 
   0.5/N  if the object is not on the curb at t0 
 

Where N is an appropriate normalization factor to satisfy Equation 4. 

3.3 Implementation of probability calculation 
Equation 1 can in general not be explicitly calculated. Instead, it is being solved 
numerically with a Monte Carlo method. The values of the coordinates x1, x2, … are 
randomly chosen according to their distributions Sn or Gn. Instead of integrating over all 
X in Equation 1, one sums over all X weighted by the product H1(e1,X) H2(e2,X) … Notice 
that the weighting functions Hn have to be treated differently than distributions Sn or Gn. 

3.4 Warning level graph 
The details of the warning level graph are very dependent on the specific application it is 
intended for. Following things should be considered: 

• Human factors related to sensitivity. 
• Desired number of warning levels. 
• Reasonable behavior of the graph for the limit t→0 when the probability will tend 

towards 0 or 100%. 
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• For t<1s there is no time for the driver to react to a warning. 
• Reasonable behavior of the graph for large t when the calculation of probability 

becomes more and more unreliable. 
Figure 2 shows an example of a warning level graph. 

4 Example calculation 
In the following example, the vehicle is turning right while another vehicle is moving 
from right to left: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1 The vehicle is turning right and an object is moving from right to left. The 
left image shows the situation in the frame of the environment and on the right it is 

shown in the frame of the vehicle, the lines are the paths the vehicle or object 
traveled within 5s. The dots indicate the possible locations of the object for 2s, 3s, 
and 5s. The light red dots indicate that the object is hitting or has hit the vehicle. 

The poses and their errors are: 
Vehicle speed = (5 ± 0.4) m/s 
Radius of curvature = (20 ± 1) m 
Object location x = 15 m  
Object location y = 10 m 
Object velocity vx =  (-3 ± 0.5) m/s 
Object velocity vy = (0.5 ± 0.5) m/s 

 
The parameters have been varied randomly within their errors and the resulting locations 
of the object at 2s, 3s, and 5s are shown in Figure 1 as dots in the right image. The dots 
colored in light green are the paths where the object hits or has hit the bus. The 
(approximate) probability of collision for the three times is the number of green dots 
divided by the total number of dots: 
 

p(2s) = 0%, p(3s) = 51%, p(5s) = 72%   
 

These probabilities can be plotted into Figure 2. 
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Figure 2 The calculated probabilities overlaid on an aware/alert/imminent diagram.  

The probabilities reach up to ‘alert’, but not up to ‘imminent’, so the system should give 
the driver an ‘alert’. 

5 Side collision warning system for transit buses 
Our group has equipped a transit bus with sensors, computers, and a driver-vehicle-
interface.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3 The location of various equipments on the transit bus. 

For each side, one laser scanner is mounted in the middle of the bus. The scanner has a 
field of view of 180o and can observe all the objects around the side of the bus. A laser 
and a camera are located inside the right side of the front bumper. The laser and the 
camera serve as a triangulation sensor to detect the location of the curb [4]. There are 
four cameras on the top of the bus, two for each side. Their video stream is saved to help 
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analyze the data from the other sensors. One of the cameras is also used to detect the 
location of the curb in front of the bus [4]. Vehicle speed and the status of the lights 
(on/off) and doors (open/closed) are gathered from the internal data bus. Furthermore, the 
bus is equipped with GPS for geo-location, an IMU, and gyroscope for acceleration and 
yaw-rate, and finally a cell phone, which allows remote communication with the system. 
All the data is fed into two computers where they are analyzed in real time and warnings 
are created. Figure 3 shows the location of some of the equipment. The warnings are 
displayed to the driver through the driver-vehicle-interface (DVI), shown in Figure 4. 
 
 
 
 
 
 
 
 
 

Figure 4 The DVI consists of two bars of LEDs and a control box. 

The number of lit LEDs and their colors depend on where the observed object is located 
and what level of warning is given, yellow for ‘alert’ and red for ‘imminent’. In case of 
an ‘imminent’ warning, a sound is also given. The driver can change the intensity of the 
LEDs, the volume of the speakers, and the sensitivity of the system from the control box. 
With this system in place, we collected data in the real operating environment to develop 
various models and tune the parameters of the warning algorithm.  

5.1 Bus + driver model 
With the data one can construct models of the behavior of bus + driver.  

5.1.1 Simple model 
In a simple approach, predicting the future position of the bus is a matter of knowing the 
current position and its time derivatives, e.g.: 

Equation 5: 32

6

1

2

1
tjtatvs p ∆⋅+∆⋅+∆⋅=∆  

Where the predicted longitudinal position is ∆s, the elapsed time ∆t, and v, a, and j are 
the current velocity, acceleration, and jerk respectively. 
Examining the data revealed, that for determining the future longitudinal position, only 
the velocity and acceleration were useful, and for determining the lateral position, only 
the yaw-rate. Jerk and yaw-acceleration change to rapidly to be useful. The simple model 
therefore says, that measured jerk and yaw-acceleration should not be used. 

5.1.2 Improved model 
The bus + driver model was improved by including three parts: 

1. When the bus decelerates, the velocity can become zero, but not negative. 
2. The yaw-rate is characterized by symmetric spikes on top of zero-background. 

LED bars 

control box 
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3. The turning rate (yaw rate) is limited by a minimum turning radius and a 
maximum centripetal acceleration.  

In this section the third part is discussed in more detail. 

5.1.2.1 Turning rate vs. speed 
The turning rate of the bus can be limited by several factors. It is impossible to turn the 
front wheels beyond a certain point, which limits the turning radius. The centripetal force 
is limited either by the maximal frictional force between the bus and the street or the 
force that would turn the bus over. Besides these physical limitations, the bus driver 
wants to be cautious and not get to close to these limits, as well as provide for a 
comfortable ride for the passengers. 
 
The velocity v and the turning rate ω of the bus have been recorded in the aforementioned 
data set. The turning radius r and the centripetal acceleration a can be calculated as: 
  r = v/ω  
  a=v ω 
Figure 5 shows a scatter plot of the turning rate versus the speed of the bus. The data has 
been taken at 10 Hz during data recording and the plot represents 1% of the total data, 
randomly sampled. 

 
Figure 5 - Turning rate vs. speed. The solid red curves shows the limit imposed by 
the minimum turning radius and the dashed green curve indicates the maximum 

centripetal acceleration. 

The plot is shown with two enveloping curves, one for the minimum turning radius and 
the second for the maximum centripetal acceleration. The minimum turning radius was 
inferred from [5] and gives a very good envelope. The minimum turning radius is: 
  rmin=27.25’=8.3m 
The limit of the centripetal acceleration due to the maximum friction between bus and 
street is the product of the acceleration due to gravity and the coefficient of friction. The 
coefficient of friction is very dependent on the condition of the road; here we take it for 
good road conditions: 
  af=g η=9.8 m/s2 0.9 = 8.82 m/s2 
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The maximum value of a observed in our data is much less than af, namely 3.8 m/s2. This 
is not surprising, since it would be dangerous and uncomfortable for the passengers. This 
aspect of the advanced model says, that predicted values of the turn rate and speed have 
to lay within the envelopes indicated in Figure 5. 

5.1.2.2 Resulting improvements 
The three aforementioned rules were incorporated into the prediction algorithm. For rule 
1 the measured yaw-acceleration was needed. The accuracy of the prediction of the 
simple model was compared with the accuracy of the improved model; the new 
prediction was 10% better (reduction in standard deviation between predicted and actual 
position). A few more rules were tested, but no significant improvement was found. 

5.2 Calibrating the warning graph 
In Section 3.4. we listed points that need to be considered when calibrating the warning 
graph. For our warning system we made following decisions and observations: 

• We want three levels: “aware” = no threat, “alert” = medium threat, 
“imminent” = high threat. 

• For time > 5 seconds, there are too much inaccuracies or possibilities to 
make generating any warning levels meaningful. 

• For time > 4 seconds, there are too much inaccuracies or possibilities to 
make generating imminent warnings meaningful. 

• The boundaries between threat levels are determined by the frequency of 
occurrence of probabilities of collisions. 

The last point needs some further explanation. Figure 2 shows the probability-of-collision 
curve for one object at one time. To determine appropriate limits in the graph for the 
three warning levels, we first sum up all the probability of collision curves for all objects 
(i.e. 10 curves per second for each object) in a given data set (see Figure 6). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6 Distribution of probability of collision curves. Color code: Dark red (all) to 
dark blue (none) in logarithmic scale. The boundaries of the 0.1 percentile and the 
0.01 percentile are shown as yellow and red curves respectively. 
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In this distribution of probability curves, we locate the boundaries of the 0.1 percentile 
and 0.01 percentile and these boundaries become our initial limits between the three 
warning levels. The two parameters of 0.1 and 0.01 can be increased or decreased to 
adjust the sensitivity. 
The initial limits are modified according to the other points we mentioned earlier and 
they are smoothed a little bit. The resulting limits are shown in Figure 2. 

6 Future work 
We have installed the hardware and software of the side collision warning system and 
calibrated the warning algorithm. We are about to switch the system on and display the 
warnings to the driver. We will evaluate all aspects of the system and continue to 
improve it. In 2004 this system will be combined with a front collision warning system 
developed by California PATH. The integrated system will provide collision warning all 
around the transit bus. 
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